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The paper deals with the large deviation principle for a sequence 
of stochastic integrals and stochastic differential equations in infinite- 
dimensional settings. Let EI be a separable Banach space. We consider 
a sequence of stochastic integrals {X n - ■ Y n }, where {Y„} is a se- 
quence of infinite-dimensional semimartingales indexed by H x [0, oo) 
and the X n are H- valued cadlag processes. Assuming that {(X n , Y n )} 
satisfies a large deviation principle, a uniform exponential tightness 
condition is described under which a large deviation principle holds 
for {(X n ,Y n , X n - ■ Y n )}. An expression for the rate function of the 
sequence of stochastic integrals {X n - -Y„} is given in terms of the 
rate function of {(X n ,Y n )} . A similar result for stochastic differen- 
tial equations also holds. Since many Markov processes can be repre- 
sented as solutions of stochastic differential equations, these results, 
in particular, provide a new approach to the study of large deviation 
principle for a sequence of Markov processes. 



1. Introduction. The theory of large deviations is roughly the study of the exponential decay 
of the probability measures of certain kinds of extreme or tail events (see [7] for some general 
principles of this theory). More precisely, as formulated by Varadhan [35], the large deviation 
principle for a sequence of probability measures {n n } is defined as follows: 

Definition 1.1. Let U be a regular Hausdorff topological space and {fJ. n } o, sequence of proba- 
bility measures on (U,U), where U is a a-algebra on U (typically the Borel a-algebra). {/i n } satisfies 
a large deviation principle (LDP) with rate function I : U — > [0, oo), if 

liminf — log /i n (0) > —7(0), for every open set O £U 



and 



limsup — log fi n (C) < — 1(C), for every closed set C. 

n— ¥od fl 



Here for a set A, 1(A) = inf zeJ 4 7(x). 

The rate function 7 is generally taken to be lower semicontinuous, and under that condition it 
is unique. Much of the earlier work on the large deviation principle (Freidlin and Wentzell [36], 
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Donsker and Varadhan [9, 10]) was based on change of measure techniques, where a new measure is 
identified under which the events of interest have high probability, and then the probability of that 
event under the original probability measure is calculated using the Radon-Nikodym derivative. 

An approach analogous to the Prohorov compactness approach to weak convergence has been 
developed by Puhalskii [28], O'Brien and Vervaat [27], de Acosta [6]. The proof of weak convergence 
typically involves verification of tightness of the sequence. A similar role is played by the exponential 
tightness condition in the 'weak convergence approach' to large deviation theory. 

Definition 1.2. Let U be a regular Hausdorff topological space and {/i n } a, sequence of prob- 
ability measures on (U,U), where U is a a-algebra on U containing all the compact subsets of U . 
{Hn} is exponentially tight if for every a > 0, there exists a compact set K a such that 



Puhalskii [28] (and in more general settings, O'Brien and Vervaat [27] and de Acosta [6]) showed 
that exponential tightness implies existence of a large deviation principle along a subsequence (see 
Theorem 3.7 of [13]). For a sequence of processes {X n } in Du[0,oo), verification of exponential 
tightness is sometimes done by first showing that the sequence satisfies the exponential compact 
containment condition (see Chapter 4, [13]). 

Definition 1.3. Let E be a complete and separable metric space. A sequence {X n } satisfies 
the exponential compact containment condition if for each a,T > 0, there exists a compact 
set C at T C E such that 



Many techniques were developed to follow the 'weak convergence approach' for proving large 
deviation principles. Dupuis and Ellis [11] used weak convergence methods to identify the limit of 



where the infimum on the right side is taken over all probability mesures on U, and R(u\/j, n ) denotes 
the relative entropy of v with respect to /i n . The necessary weak convergence was achieved after 
the right side of (1.1) was interpreted as the minimal cost function of a stochastic optimal control 
problem. Connection between control problems and large deviation results was originally due to 
Fleming [14, 15]. For a sequence of Markov processes, Feng and Kurtz [13] used convergence of the 
corresponding sequence of nonlinear semigroups to prove the desired large deviation results. The 
required convergence of nonlinear semigroups was achieved using tools of viscosity solutions for 
nonlinear equations. This approach is similar in idea to that of using convergence of the operator 
semigroups to prove weak convergence of Markov processes (Ethier and Kurtz [12]). 

Many Markov processes can be represented as solutions of stochastic differential equations. De- 
pending on the problem, the corresponding integrators can be either finite-dimensional semimartin- 
gales or infinite-dimensional semimartingales. Such representations suggest that an approach to 
large deviations of Markov processes would be through the study of large deviation principle for 
the solutions of the corresponding stochastic differential equations. The technique mentioned is 
much in the same spirit as the technique of using stochastic equations for proving weak conver- 
gence of Markov processes (see Ethier and Kurtz [12]). The central goal in such a large deviation 



limsup — log /j, n (K^) < —a. 



n— >oo Tl 



limsup — log P(X n (t) ^ Ca : x for some t <T) < —a. 



n— yoo Tl 



(1.1) 
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theory of stochastic differential equations would be to find conditions, which would ensure that if 
{(X n (0),Y n )} satisfies a large deviation principle, then a large deviation principle also holds for 
{X n }, where {X n } satisfies 



The first step in this approach is to find conditions on the sequence {5^}, such that a large deviation 
principle holds for the sequence of stochastic integrals {A" n _ • Y n }, whenever it does for the pair 
{(X n , Y n )}. Note that there does not exist a continuous function / such that X--Y=f(X, Y). Hence, 
the contraction principle cannot be used to arrive at the required large deviation principle. 

For finite-dimensional processes, a uniform exponential tightness condition on the sequence {Y n } 
was given in Garcia [18] which yields the desired result. The idea of the uniform exponential tightnes 
is suggested by the uniform tightnes condition used by Jakubowski, Memin and Pages [23] to prove 
weak convergence results for a sequence of stochastic integrals. A precise statement of Garcia's 
theorem (Theorem 1.2, [18]) is given below. 

Theorem 1.4. Let {Y n } be a uniformly exponentially tight sequence of {J~[ 1 }- adapted real-valued 
semimartingales and {Xn} be a sequence of {T™}- adapted real-valued cadlag processes. If {(X n ,Y n )} 
satisfies a large deviation principle with a rate function I, then so does the tuple {(X n , Y n , X n _ ■ Y n )} 
with the rate function J given by 



Here x ■ y(t) = ]im^_^ x(ti)(y(ti + i) — y(U)), where a = {0 = t$ < t\ < . . . , t n = i} is a partition 
of the interval [0,t) and \\a\\ = maxj(tj — tj-i) is the mesh of the partition a. 

A similar result for stochastic differential equations has also been proved. 

In this paper, we extend these results to a sequence of stochastic integrals and stochastic 
differential equations driven by a sequence of infinite-dimensional semimartingales. The infinite- 
dimensional semimartingales considered are the H#-semimartingales [24]. Specific examples of 
them include space-time Gaussian white noise and Poisson random measures. A brief introduc- 
tion to H*-semimartingales is given in Chapter 2. We first generalize the notion of uniform tight- 
ness to a sequence of H*-semimartingales (Definition 3.1). Theorem 1.4 is then extended first to 
finite-dimensional stochastic integrals driven by H^-semimartingales (see Theorem 4.15) and later 
to infinite-dimensional stochastic integrals (Theorem 4.20 ). Identification of the rate function of 
{X n _ -Y n } in terms of the rate function of (X n ,Y n ) was the biggest challenge in this infinite- 
dimensional setting, and that has been done by identifying an appropriate pseudo-basis of the 
Banach space H. The required tools from the basis theory of Banach spaces have been collected 
in the Appendix. Finally, a large deviation principle has been proved for solutions of a sequence 
of stochastic differential equations (Theorem 5.1 in Chapter 5), and many examples are given 
illustrating the usefulness of this new approach. 

2. Infinite-dimensional semimartingales. Infinite-dimensional stochastic analysis is an ac- 
tive research area and depending on the need, different types of infinite-dimensional semimartin- 
gales are used in the modelling. A few popular notions of infinite-dimensional semimartingales 
include orthogonal martingale random measure [19], worthy martingale random measures [37], Ba- 
nach space-valued semimartingales [26], nuclear space-valued semimartingales [34]. In [24], Kurtz 
and Protter introduced the notion of standard H*-semimartingale where EI is a Banach Space and 
developed stochastic integrals in that context. Standard H^-semimartingales form a very general 



X n = X n (0) + F(X n _)-Y n . 



(1.2) 




z = x ■ y, y finite variation, 
otherwise. 



A. GANGULY/LARGE DEVIATION PRINCIPLE IN INFINITE-DIMENSIONAL STOCHASTIC ANALYSIS 4 



class of infinite-dimensional semimartingales which includes Banach space valued-semimartingales, 
cylindrical Brownian motion and most semimartingale random measures. In particular, they cover 
the two most important and interesting cases: space-time Gaussian white noise and Poisson random 
measures. It is this class of semimartingales which we work with in this paper. Below we give a 
brief outline of H*-semimartingales. 

2.1. -semimartingale. Let EI be a separable Banach space. 

Definition 2.1. An M.-valued stochastic process Y indexed by Hx [0, oo) is an H#-semimartingale 
with respect to the filtration {J~t\ if 

• for each Y{h, •) is a cadlag {J- j}- semimartingale, with Y(h, 0) = 0. 

• for each t > 0, hi, ... , h m € HI and a\, . . . , a m € R, we have 

m m 

Y{^2 aihi,t) = aiY(hi,t) a.s. 
i=l i=l 

As in almost all integration theory, the first step is to define the stochastic integral in a canonical 
way for simple functions and then to extend it to a broader class of integrands. 
Let Z be an H-valued cadlag process of the form 



(2.1) Z(t) = J2Ck(t)h 

k=l 



where the are {Tt} adapted real valued cadlag processes, and h±, . . . , hy. E 
The stochastic integral Z_ • Y is defined as 

m „ t 

Z_-Y(t) = J2 I Zk(s-)dY(h k ,s). 



k=l 







Note that the integral above is just a real valued process. It is necessary to impose more conditions 
on the H*-semimartingale to broaden the class of integrands Z. 

Let St be the collection of all processes of the form (2.1) with sup s<t ||Z(s)|| < 1. Define 
(2.2) H t = (sup|Z_-Y(fl)| :ZeS t 

{ s<t 

Definition 2.2. An -semimartingale Y is standard if for each t > 0, 7i t is stochastically 
bounded, that is for every t > and e > there exists k(t, e) such that 



P 



sup|Z_ • Y(s)\ > k(t,e) 

s<t 



<e, 



for all Z € St 



2.2. Integration with respect to a standard H# -semimartingale. Let X be an {J^j-adapted Un- 
valued cadlag process. We review the techniques of approximation of X by simple functions of 
the form (2.1) from [24] as they are used in Section 4. The following lemma on partition of unity 
(Lemma 3.1, [24]) is needed for the construction. For a topological space 5, let Cb(S) denote the 
space of continuous and bounded real-valued functions on S with the sup norm. 
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Lemma 2.3. Let (S,d) be a complete, separable metric space and {4>k} a countable dense subset 
of S. Then for each e > 0, there exists a sequence {ipf.} C Cb(S) such that supp{ip e k } C B(<fik, e), < 
< 1) \' l l ) ki x ) ~ ^k(y)\ — ^d(x,y), and for all x E S, YlkLi ^fc( x ) = ^ where only finitely many 
terms in the sum are non zero. In fact, the ip e k can be chosen such that for each compact K C S, 
there exists Nx < oo for which Ylk=l ^ki 30 ) = M ^ K . 

Now let S = H, and let be a countable dense subset of HI. Fix e > and let {V'fc} be as in 

Lemma 2.3. For x € Dj[[0, oo), define 

s 6 (t) = 

k 

Note that since x is cadlag, for each T > 0, there exists Nt < oo such that 

x e (t) =J^i/>%(x(t))<f> k , te[0,T]. 

k=l 

Further observe that 

\\x{t) - x e {t)\\ m < J2^ k (x(t))\\x(t) - fa\\ m < e. 

k 

Let X be a cadlag, H-valued, {J^j-adapted process and similarly define 

(2.3) X e (t)=J>£(X(t))&. 

fe 

Then as observed, \\X — A" e ||n < e and the stochastic integral of X e _ ■ Y(t) is defined naturally as 

XL-Y(t) = J2 I MX(s-))dY(^ k ,s). 
k Jo 

The following theorem [Theorem 3.11, [24]] proves the existence of the limit of {X'L ■ Y}, which we 
define as the stochastic integral A"_ • Y. 

Theorem 2.4. Let Y be a standard -semimartingale, and let X be an M-valued cadlag 
adapted process. Define X e as above. Then 

X_ • Y = lim X e _ ■ Y 

exists in the sense that for each t > 0, 



lim P 

e->0 



sup \Xt ■ Y(s) - X- ■ Y(s)\ > rj 

8<t 



for all n > 0. X- Y is a cadlag process. 

Example 2.5. Let (U, r) be a complete, separable metric space and \x a sigma finite measure on 
(U, B(U)). Denote the Lebesgue measure on [0, oo) by A, and let W be a space-time Gaussian white 
noise on U x [0, oo) based on // ® A, that is, W is a Gaussian process indexed by B(U) x [0, oo) with 
E(W(A,t)) = and E(W(A,t)W(B,s)) = fj,(A n B) min{t, s}. For h e L 2 (^), define W(h,t) = 
fux[ot)h( x )W(dx,ds). The above integration is defined (see [37]), and it follows that W is an 

H#-semimartingale with H = L 2 ([i). It is also easy to check that W is standard in the sense of 
Definition 2.2. 
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Example 2.6. Let U, r, \x and A be as before. Let £ be a Poisson random measure on U x [0, oo) 
with mean measure //® A, that is for each T G B(U) ®B([0, oo)), £(r) is a Poisson random variable 
with mean \x ® A(r), and for disjoint Y\ and T2, £(ri) and j;(Fi) are independent. For A G B(U), 
define ^(A, t) = £(A x [0,i]) - For h G L 2 (/i), let £(h,t) = f Ux[Qt) h(x)(,(dx,ds) and for 

h G L l {[i), let £(h,t) = J Ux t ot ) h(x)£(dx,ds). Then £ is a standard H#-martingale with EI = L 2 (^) 
and £ is a standard H^-semimartingale with EI = L l (n). The above indexing spaces can be changed 
as long as the corresponding integrations are defined. 

Remark 2.7. In fact, it can be shown that most worthy martingale random measures or more 
generally semimartingale random measures are standard -semimartingales for appropriate choice 
of indexing space EI (see [24])- 

2.3. (L,H)# -semimartingale and infinite- dimensional stochastic integrals. In the previous part, 
observe that the stochastic integrals with respect to infinite-dimensional standard EI*-semimartingales 
are real- valued. Function valued stochastic integrals are of interest in many areas of infinite- 
dimensional stochastic analysis, for example, stochastic partial differential equations. With that 
in mind, we want to study stochastic integrals taking values in some infinite-dimensional space. 
If Y is a standard H*-semimartingale, we could put H(x,t) = X( — ,x) ■ Y(t) where for each x 
in a Polish space E, X(-,x) is a cadlag process with values in EI. The above integral is defined, 
but the function properties of H are not immediately clear. Hence, a careful approach is needed 
for constructing infinite-dimensional stochastic integrals. In [24], Kurtz and Protter introduced the 
concept of (L, EI)*-semimartingale as a natural analogue of the EI#-semimartingale for developing 
infinite-dimensional stochastic integrals. Below, we give a brief outline of that theory. 

Let (E,te) and (U,rjj) be two complete, separable metric spaces. Let L, EI be separable Banach 
spaces of M-valued functions on E and U respectively. Note that for function spaces, the product 
fg,f G L, 5 G EI has the natural interpretation of point-wise product. Suppose that {fi} and 
{gj} are such that the finite linear combinations of the fi are dense in L, and the finite linear 
combinations of the gj are dense in HI. 

Definition 2.8. LetW be the completion of the linear space |X^!=i Sjli a ijfi9j '■ fi £ {fi} i9j £ {fl'jlj - 
with respect to some norm \\ ■ ||g. 

For example, if 

l m 



I m 

^^a;jM'llg = sup< 
i=i j=i 



^^ay(A,/ i )(7 ?)ffi ) : AeL*,77eH*,||A|| L . < 1, \\ V \\ m * < 1 
i=i 3=1 



then EI can be interpreted as a subspace of the space of bounded operators, L(K.*,L). 

Let Cfc = Ylij a kijfi9ji k = 1, 2, . . . be a dense sequence in EI, where in each sum only finitely 
many a^ij are nonzero. Then Lemma 2.3 gives the partition functions {V^} corresponding to the 
dense set {Cfc}, and for x G EI defining 

x* = J2Mx)(k 
k 

as before, we have 

\\X X ttjt ^ 6. 
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Notice that x € can be written as 

(2.4) x e = Y^dZ j (x)f i g j 

i,j 

where cf^x) = £ fc ^U x ) a Mj- 

With the above approximation in mind, denote 5g as the space of all processes X G Dg[0, oo) 
of the form 

x(t) = ^2^(t)f igj 

where fa are R-valued, cadlag, adapted processes and only fintely many fa are non zero. If Y is 
an -semimartingale, and X G 5g is of the above form define 

X--Y(t) = J2fiJ2 [ &(s-)dY( gj ,s). 
i j Jo 

Notice that X_ • Y G L> L [0, oo). 

Definition 2.9. AnW& -semimartingale is a standard (L, H)#-semimartingale if 

H t = jsup • Y(s)\\ h : X G <S @ ,sup ||X(a)||g < l) 

zs stochastically bounded for each t > 0. 

As in Theorem 2.4, under the standardness assumption, the definition of X_ • Y can be extended 
to all cadlag M- valued processes X by approximating X by X e , where 

x e {t) = Y,Mx(t))Ck = J2^(x(t))f i9j . 

k i,j 

Remark 2.10. The standardness condition in Definition 2.9 will follow if there exists a constant 
C(t) such that 

E[\\X^Y(t)\\ h ]<C(t) 
for all X G 5g satisfying sup s < t ||X(s)||g < 1. 

Remark 2.11. IfW andIL are general Banach spaces (rather than Banach spaces of functions), 
then HI could be taken as the completion o/L8l with respect to some norm, for example the 
projective norm (see [30]). 

3. Uniform Exponential Tightness. We wish to extend the result of Garcia [18] to stochas- 
tic integrals driven by a sequence of H^-semimartingales or (L, H)*-semimartingales. With this in 
mind, we first extend the notion of uniform exponential tightness (UET) to HF^-semimartingales and 
(L, H)#-semimartingales. Our goal is to prove that a large deviation principle holds for the sequence 
of stochastic integrals {X n _ ■ Y n }, when {(X n ,Y n )} satisfies a large deviation principle and the the 
driving integrators Y n form a UET sequence of H#-semimartingales or (L, H)*-semimartingales. 
Since, in general it is not clear in which space the Y n take values, the large deviation principle of 
{(X n ,Y n )} has to be defined carefully (see the next section). 
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Let {J~t} be a sequence of right continuous nitrations. Let <S" denote the space of all H-valued 
processes Z, such that sup s<t ||Z(s)|| < 1 and is of the form 

in 

z(t) = Y,tk(t)h k , 

k=l 

where the are cadlag and { J 7 " }-adapted R valued processes and h±, . . . , h n G H. 



Definition 3.1. A sequence of {J- J 1 } -adapted, standard -semimartingales {Y n } is uni- 
formly exponentially tight if, for every a > and t > 0, there exists a k(t, a) such that 



(3.1) 



lim sup — sup log P 

n n zeS™ 



sup|Z_ -Y n (s)\ > k(t,a) 

s<t 



< -a. 



Example 3.2. Let U, r, \i and A be as in Example 2.5. Let W denote space-time Gaussian white 
noise on U x [0, oo) with (W(A, •), W(B, -))t = fJ,(A n B)t. Consider W as an H*-semimartingale, 
with EI = L 2 (fi), by defining 



W{h,t) 



Ux[0,t) 



h(x)W(dx,ds), h£L 2 (ii) 



We will show that {W n = n~ l l 2 W} satisfies the UET condition. Let Z be an adapted cadlag 
L 2 (/x)-valued process. Observe that Z_ ■ W is a continuous martingale with quadratic variation 
given by 



[Z--W) t = [ \\Z(; S )\\ 2 d S . 

Jo 



Therefore we can write Z_ • W as a time changed Brownian motion, where the time change is given 
by the quadratic variation [Z— ■ W] t . More specifically, 

Z_-W(t) = B [z _. w]t , 

where B is a standard Brownian Motion. Now for sup s<t \\Z(-, s) 1 1 2 < 1 5 w e have that [Z_ • W] t < t. 
Thus, for a > 

P(swp\Z-.W n (s)\ >K) = P(sup\Z^.W{s)\ > ^K) = P(sup \B [Z _, W ] S \ > v^O 

s<t s<t s<t 

< P(sup \B S \ > JRK) (as [Z- ■ W] t < t) 

s<t 

< Aexp{-nK 2 /2t). 
Choosing k(t, a) = K = (2at) 1 / 2 , it follows that 



lim sup — sup log P 



sup|Z_ • W n (s)| > k(t, a) 

s<t 



< -a 



and the UET condition is verified. 



For the next example we take the indexing Banach space to be an appropriate Orlicz space: (see 
Section A. 2) 
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Example 3.3. Let £ n be a Poisson random measure on U x [0, oo) with mean measure dv x ndt. 
Then we show {X n = £„/n} satisfies the UET condition when considered as a process indexed by 
the Banach space H = L®(v). Here L®(v) is the Orlicz space for the function = e x — 1. 
Let Z be a L*(^)-valued cadlag process such that sup s<i < 1. Since 

\Z- ' £n| ^ |^-| " £m 

without loss of generality we can take Z > for our purpose. 

We first estimate E(e z ~'^ n ) by Ito's formula. Let X n (t) = Z_ • f n (i). For a C 2 function /, ito's 
formula implies 

f(X n (t)) = f(X n (0)) + [ f(X n (s-) + Z(u, s-)) - f(X n (s-)) Udu, ds). 

Jux[o,t] 

Taking f(x) = e x , we get 

E(e x "^) = l + nE [ e x n {s) ^z(u,s) _ ds 
JUx[0,t) 

= l + nE f e x "^ [ (e z ^ - l)u(du) ds. 
Jo Ju 



Now since ||/||$ < 1 iff f $(\f\) dv < 1, we see from our assumption on the process Z that 
su Ps<t Iu( eZ{u,s) ~ l )dv{u) < 1. Thus, 



E{e Xn(t) ) <l + nE [ e Xn(s) ds 
Jo 



and by Gronwall's inequality 



E{e x "^) = E(e z -- Yn ®) < e nt . 



Therefore 



P(supn -1 Z_ • f n (s) >K) = P(Z_ ■ > nK) = P{e z ~* n ® > e nK ) 



s<t 



< E(e z - <n ®)/e nK < e nt ~ nK . 



Choosing k(t, a) = K = t + a, we have 
lim sup — sup log P 



supn l \Z- ■ in{s)\ > k(t, a) 

s<t 



C -a. 



The definition of uniform exponential tightness for a sequence of (L, H)*-semimartingale is anal- 
ogous to that of H#-semimartingale with the obvious change. 

Let {J 7 "} be a sequence of right continuous nitrations. Recall that the Banach space M was defined 
in Definition 2.8. Let S n denote the collection of all H-valued processes Z, such that ||Z(t)||g < 1 
and is of the form 

l,m 

where the are cadlag and {J 7 ?} adapted M valued processes, {/j} C L, {gj} C H. 
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Definition 3.4. A sequence of {J-™} -adapted (L, H)# -semimartingales {Y n } is uniformly ex- 
ponentially tight (VET) if, for every a > and t > 0, there exists a k(t, a) such that 



(3.2) limsup— sup logP 

n n zes n 



sup||Z_ •y n (s)||L > k(t, a) 

s<t 



< -a. 



4. Large deviations and exponential tightness. We define the exponential tightness and 
the large deviation principle for a sequence of H^-semimartingales {^}- Let H and IK be two 
Banach spaces. 

Definition 4.1. Let {Y n } be a sequence of {J- J 1 } -adapted -semimartingales and {X n } be a 
sequence of cadlag, {J-™} -adapted M.-valued processes. {(X n ,Y n )} is said to be exponentially tight 
if for every finite collection of elements fa, fa, .. .fa el, {(X n , Y n (fa, •), Y n (fa, ■),..., Y n (fa, ■))} 
is exponentially tight in D KxK k [0, oo). 

Definition 4.2. Let {Y n } be a sequence of {J 7 ™} -adapted H# -semimartingales and {X n } be a 
sequence of cadlag, {J-™} -adapted "K-valued processes. Let A denote the index set consisting of all 
ordered finite subsets ofM. {(X n ,Y n )} is said to satisfy the large deviation principle with the 
rate function family {I a : a G A} if for a = (fa, . . . ,fa),{(X n ,Y n (fa, •),... ,Y n (fa, •))} satisfies a 
LDP in -D KxR fc [0, oo) with the rate function L a . 

The following lemma shows the canonical consistencies that we expect among the family {I a : a £ ^4}. 

Lemma 4.3. If a sequence of W# -semimartingales {Y n } satisfies a LDP with the rate function 
family {I a : a S A}, then we have the following: 

(i) If a = (fa, fa, . . . ,fa) and ft = (fan fan ■ ■ ■ , fa k ) is a permutation of a, then 

I ol (x,y 1 ,y 2 ,...,yk) =Ifi{x,y il ,yi 2 ,...,y ik ), (x, y u y 2 , . . . , y k ) G L> HxRfc [0, oo). 

(ii) If a = (fa, fa, ...,fa) and f3 = (fa, fa, . . . , fa, fa+i), then 

I a {x,yi,y 2 ,...,yk) = inf {Ip{x,yuV2, ■ ■ ■ ,Vk, Vk+i) ■ {x, yi,y 2 , ••• ,yk,Vk+i) 

Vk+1 

£ -DHxRfe+ifOi 00 )}- 



Proof. Notice that the permutation mapping p : D K k[0, oo) — > D R k[0,oo), and the projection 
mapping it : D R k+i[0, oo) — > D R k[0, oo) defined respectively by 

p(yi,V2, ■ ■ ■ ,Vk) = {yinViv ■ -zVik), n(yi,y 2 , . . . ,y k ,y k +i) = (2/1, 2/2, • ■ ■ ,y k ), 
are continuous, and the theorem follows from the contraction principle. □ 

Example 4.4. Let W be the space-time Gaussian white noise on (U x [0, oo),// £5> A) as in 
Example 3.2. We saw earlier that W forms a standard H*-semimartingale with EI = L 2 (/i). We 
show below that \W n = n~ 1 / 2 W} satisfies the LDP in the sense of Definition 4.2. 
First note that W is a Gaussian process with stationary and independent increments, and with 
covariance function 

E(W(h l ,t)W(h 2 ,s)) = (huh^itAs). 
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Here (■, •) denotes the inner product in L 2 (/i). 

For a finite collection {hi, . . . , h m }, (W(hi, •), W(h%, ■),■■■, W(h m , •)) is a Gaussian process with 
stationary and independent increments with variance covariance matrix tY<h, where 

S h = [{hi, hj)]™ j=1 , h=(h 1 ,..., h m ). 

Since is symmetric and non-negative definite, 

It follows that 

(W(hi, •), W(h 2 , •),-.., W(h m , •)) = C h B{-), 

where B is a standard m- dimensional Brownian Motion. Now an application of the contraction 
principle and Schilder's theorem implies that {(W n (hi, ■), W n (h,2, ■),■■■, W n (h m , ■))} follows LDP 
with rate function I^i^ji), where 

4(V>) = inf jl/2 \\<p(t)\\ 2 dt : = C h 4>{-), <f>{t) = J <p(u) du for some <j> G L 2 | . 



Example 4.5. Let £ be a Poisson random measure on U x [0, oo) with mean measure du x dt. De- 
fine Z n {A,t) = £(A,nt)/n. Then {Z n } satisfies LDP in the above sense, when the indexing Banach 
space HI is taken to be Morse- Transue space M*(i/) C L®(v) (see (A.l) in the Appendix), for &(x) = 
e x — 1. Note that for any finite collection {hi,..., h m }, (£(ft>i, ■), £(^2j ■)>•■• ^(h m , ■)) * s a cadlag pro- 
cess with stationary and independent increments, hence an ?n-dimensional Levy process. Now Theo- 
rem 1.2 from de Acosta [5] will give a large deviation principle for {(Z n (hi, •), Z n {Ji2, ■),■■■, Z n (h m , •))}, 
provided we verify the hypothesis 

m 

E(exp(P^2 \£(hi, 1)|)) < oo for every p > 0. 

i=l 

It is enough to show that 

m 

E(exp(pJ2$(\hi\,l))) <~. 

i=i 

Note that from Ito's lemma, if A"(t) = Jj/ X [ 0t ) Z(u, s)^(du x (is), then 

(4.1) E [exp(X(t))] = 1 + E [ e x(s)^ e z(u,s) _ ^ u ^ dg 

JUx[0,t) 

Choosing Z(u,t) = PY%Li \ h i\(u), we get 



E 



exp(/3]r£(N,l)) 



exp( / (e^l^lM - 1) v (du)) < 



oo. 



u 



The last inequality holds as hi, . . . h m G M (u) implies that PYaLi ^ e M®(v). 
The associated rate function is given by 



(4.2) I(cf>) 



J °° A(0(s)) ds, if 0(i) = J 4>(u) du for some <j> G L 1 . 
oo, otherwise. 
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where A is the Fenchel-Legendre transformation of 

m 

H(x) = log£ , (exp(^x^(/i i , 1))), x = (rui, . . .,x m ), 



t=l 



that is, 



X(y) = sup [x-y- fx(x)] . 



Putting Z(u,t) = YLlLx Xihi{u) in (4.1), 



E 



exp(^^(/tj,l)) 



8=1 



exp( 



( / e^ x ^ {u) - 1 v(du)). 



It follows that 



H(x) = / (e^ x ^ u) - 1) v{du). 



u 



4.1. LDP results for stochastic integrals: -semimartingales. Recall that for a process X, X e 
is defined by (2.3). 

Lemma 4.6. Let {Y n } be a sequence of {J-™} -adapted, standard -semimartingales and {X n } 
a sequence of cadlag, adapted M-valued processes. Assume that {Y n } is UET. If {(X n ,Y n )} is 
exponentially tight in the sense of Definition 4-1, then {(X n ,Y n , X^_ • Y n )j is exponentially tight. 



Proof. Let ft = (hi, . . . , h m ) be an ordered subset of H. Denote 

Y n (fi,-) = (Y n (hi, ■)..., Y n (h m ,-)). 

We have to prove that {(X n ,Y n (f3, -),X^_ ■ Y n )} is exponentially tight in -DhxR™xR- 

Since {X n } is exponentially tight, it satisfies the exponential compact containment condition. 
Thus, for every a > 0, there exists a compact set K a such that 

limsup — logP \X n (t) 4 K a , for some t < a] < —a. 
n n 

Let 

T~n,a — inf {s : X n (s) K a }- Then notice that 

P [r n ,a <a]= P [X n (t) i K a , for some t < a] . 

Hence 

(4.3) lim sup — log P [r na < a] < —a. 

n n 

For a stopping time r, define 

X T ~ = X t l[ t<T ] + X T -l[ t > T ]. 
Notice that for each t > 0, X^"" a (t) £ K a . Hence, there exists N a such that 

N a 

fc=l 
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Here {ipt} is the partition of unity as in Lemma 2.3. Clearly, by the construction, 

\\X% Tn ' a -(s)-X^ a -(s)\\ M <e. 

Notice that for t < T n ^ a 

lo 



XT n ' a -Y n (t) = f][ r k (X^ a (s)) dY n (fa,8) 
k=i Jo 

Na rtf\T n ,a — 
= J2 r k (Xn(s)) dY n (4> k , S ). 

k=l J ° 



Thus putting 



(4.4) = Y^( ^ k {X n (s)) dY n {4> k ,s), 

k=i Jo 

we have 

(4.5) Z^(t) = XI ■ Y n (t) fort<r n , a . 

Since {Y n } is uniformly exponentially tight and {V , fc(^n('))l i s exponentially tight, we deduce from 

Lemma 7.4 of Garcia [18] that {(X n , Y n ((3, •), Zn e )} is exponentially tight. 

Taking X(t) = t in the definition of metric d in Ethier and Kurtz [12] (Page 117 ), we get 

/■oo 

d(X e n _ ■ Y n , Z^) < / e~ u sup |Z£ £ (t Am)- X e n _ ■ Y n (t A u)\ A 1 du 
Jo t>0 

< / (•••)+ / (•••) 



7~n . i 



(4.6) <e~ Tn - a , 

as the first integral is in the second line by (4.5). The same technique in fact gives us 

(4.7) d((X n ,Y n (P,-),X n _ -Y n ),(X n ,Y n (l3,-),Z^)) < . 
Choose a > — log 5 > and notice that 

limsup - log P [d((X n ,Y n (/3, -),Xl_ ■ Y n ), (X n ,Y n (fi, •), Z^)) > $] 

n Tl 

(4.8) < lim sup - log P(r n a < - log 5) < -a. 

n n 

Since {(X n , Y n (/3, •), Zn' 6 )} is exponentially tight, there exists a compact set F a such that 

limsup - log P[(X n) Y n (P,-),Z% e ) i F a ] < -a. 
n n 

Now as 

{(X n ,Y n (P,-),Z%*) G F a }n{d((X n ,Y n (p r ),X* n _-Y n ),(X n ,Y n (/3,-),Z^)) < 6} 

C {(X n ,Y n ((3,-),X n _-Y n )eF*}, 
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we have 



lim sup — log P 

n n 



(X n ,Y n (P,-),X* n _-Y n ) i F 5 a < limsup-logP[((X m y n (/3,-),^r) t F a \ 



n 



VlogP [d((X n ,Y n ((3, -),X £ n _ ■ Y n ), (X n ,Y n (P, -),Z^)) > 5} 

< -a. 



Applying Lemma 3.3 of Feng and Kurtz [13], we get {(X n ,Y n (/3, ■), X^_ -Y n )} is exponentially 
tight. □ 

Theorem 4.7. Let {Y n } be a sequence of {J-]/} -adapted, standard -semimartingales and 
{X n } a sequence of cadlag, adapted M-valued processes. Assume that {Y n } is UET. If {(X n ,Y n )} is 
exponentially tight in the sense of Definition 4-1, then {(X n ,Y n , X n _ ■ Y n )} is exponentially tight. 



Proof. Let /3 = (hi, . . . , h m ) be an ordered subset of H. Define 

Y n (f3,-) = (Y n (h 1 , ■),... ,Y n (h m ,-)). 

We have to prove that {(X n ,Y n ((3, - ),X n _ -Y n )} is exponentially tight in AnxR m xR- 

Since {(X n ,Y n (/3, -),X^_ • Y n )} is exponentially tight, for every a > 0, there exists a compact set 

K a e such that 

\mxsu-p-\ogP[{X n ,Y n {p,-),X e n _-Y n )iK a>e ] < -a. 
n n 

Since {Y n } is UET, for every a > 0, there exists k(t, a) such that 



lim sup — log P 

n n 



sup \Z n ■ Y n (s)\ > k(t,a) 



s<t 



< —a, 



for any sequence of cadlag {J^j-adapted {Z n } satisfying sup s<t ||Z n (s)|| < 1. Without loss of 
generality, assume that k(t, a) is nondecreasing right continuous function of t. 
Now recall that || A^(s) — X n (s)|| < e. Therefore 



lim sup — log P 

n n 



S up\(X n -X* n )-Y n (s)\ >ek(t,a) 

,s<t 



< -a. 



Notice that for any t > 0, using A(s) = s in the definition of metric d (see Ethier and Kurtz [12], 
Page 117), we have 

(4.9) d(X*_ ■ Y n ,X n _ • Y n ) < sup \{X n - X e n ) ■ Y n (s)\ + e ~* 

(4.10) d((X n ,Y n ((3,-),X^-Y n ),(X n ,Y n ((3,-),X n _-Y n )) < sup \{X n - X e n ) ■ Y n {s)\ + e~ l . 

s<t 

Let 5 > 0. Notice that if we take t > 0, such that e~* < 5/2, then 
(4.11) 

{d((X n ,Y n (P,-),X*_-Y n ),(X n ,Y n (P,-),X n --Y n ))>6} C {sup \(X n - X e n ) ■ Y n (s)\ > 6/2*1 . 
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Choose t > such that e~ l < 5/2. Then taking e = e a such that e a kit, a) < 5/2 and denoting 
Ka,e a by K a for convenience, we get 

limsup-logP[(X n ,Y n (/3,-),*n- -Y n ) $ K a > s ] < limsup - log P[(X n , Y n ({3, •), X e n _ ■ Y n ) 

n Tl n Tl 

i K a ' S ]V\ogP[d((X n ,Y n (P,-),X*_-Y n ), 
(X n ,Y n ,X n .-Y n ))>5] <-a. 

It follows that {(X n ,Y n (f3, -),X n _ • Y n )} is exponentially tight. □ 

We next prove the main theorem of this section. 

Theorem 4.8. Let {Y n } be a sequence of {J- 1 1 } -adapted, standard H# -semimartingales and 
{X n } a sequence of cadlag, adapted M-valued processes. Assume that {Y n } is VET. If {(X n ,Y n )} 
satisfies a LDP in the sense of Definition with the rate function family {I a : a G ^4} , then 
{(X n ,Y n , X n _ ■ Y n )} also satisfies a LDP. 

Proof. The proof uses the same technique as in the proof of Lemma 4.6 and Theorem 4.7. The 
same notation is used here as well. Let /3 = (hi . . . , h m ) be a finite ordered subset of M. We have to 
prove that {(X n ,Y n ((3, • Y n )} satisfies a LDP with some rate function Jg(-, •, •). Let 5 > 0, 

and choose a > — log 5. Define Zn' e by (4.4) and T n ^ a as in Lemma 4.6. Then from (4.8) , 

limsup - log P [d((X n , Y n (p, -)X e n _ ■ Y n ), (X n , Y n {p, •), Z* e )) > 5} 
n n 

1 

< lim sup - log P(t„ a < - log 5) 
n n 

(4.12) < -a. 

Choose t > so that e~* < 5/2, and then take e = e a such that e a k(t,a) < 5/2. Using (4.11) and 
the fact {Yn} is UET, we have 

(4.13) limsup - log P [d((X n ,Y n ((3, -),X^_ ■ Y n ), (X n , Y n {f3, ■), X n _ ■ Y n )) > 5} < -a. 

n Tl 

Combining (4.12) and (4.13), it follows that 

limsup - log P [d{(X n , Y n {P, •), Z% £ °), (X n , Y n {f3, -),X n _ -Y n )) > 5} < -a. 

n Tl 

Now it follows from the finite dimensional result of Garcia [18] (see Theorem 1.4 in the Introduction) 
that {(X n , Y n (j3, •), Zn' €a )} satisfies a large deviation principle. Since 5—^0 and a — > oo implies 
that e — > 0, Lemma 3.14 of Feng and Kurtz proves that {(X n ,Y n (j3, -),X n _ • Y n )} satisfies a LDP 
with the rate function 

(4.14) Ja(x,y^ , z) = sup liminf liminf J°, ,e (B((x, y 13 , z), rj)). 
where J^ ,e is the rate function for {(X n , Y n (f3, •), Zn' e )}, and is given by 

N a 

J a ^{x,yP,z) = inf{/ Ki/3) (*, (y a ,yP)) : z = X>fcO*0 • y a k , 
v k=i 

(4.15) (x,y a ,y p ) G D MxRNa + m [0, oo), (y a ,y /3 ) finite variation}. 

□ 
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4.2. Identification of the rate function. Since EI is a separable Banach space it has a pseudo-basis 
{(0fc,Pfc)}, where 0& G H,^ G C(H, K) (see Section A. 3), that is, for every ft £ i, we have 

oo 

(4.16) h = Y,Pk{h)4>k- 

k=l 

If EI is a separable Hilbert space then we take {4>k} to be an orthonormal basis and 

Pk(-) = (') 4>k) G EI* = EI. 

For a general separable Banach space EI, we will assume throughout that the pseudo-basis {(4>k,Pk)} 
satisfies (ii) of Theorem A. 13. 

The following notation will be used in the subsequent discussions. 

• a k = (0i, . . . ,<j) k ). 

• a = (0i,02, • • •)• 

. P N {h) = ( Pl (h),..., PN (h)). 

• V = (2/1,2/2, ■••) G -Dr°°[0,oo). 

• v {k) = {yi,---,Vk) G ^Rfc[0,oo). 

• If y n is an EI#-semimartingale then Y n (ak, •) = (y n (0i, •),•••, Yn(<f>ki ')) ana ^ 

y n (a,-) = (y„(0i, 0,^(02, •),•••)■ 

• 7 Qfc and I a will denote the rate function of {(X n , Y n (ctk, •))} an d {(-^ru ^n(«) "))} respec- 
tively. Similarly, J Qfc and J a will denote the rate function of {(X n , Y n (ak, ■), X n _ ■ Y n )} and 
{(X n , Y n (a, •), A n __ -y n )} respectively. 

For y* G -De* [0, 00), define the total variation of y* in the interval [0,t) as 

T t (y*) = sup V ||y* fe) - y*(ti-i)|| H *, 

cr 

If y* G -De* [0, 00) is such that T t (y*) < 00, then the integral x ■ y* can be defined as 

x-y* = lim y~](x(ti),y*(t i+1 ) - y*(ti))H,H*, 

o- 1— >0 ^ — ' 

i 

where a = {t{} is a partition of [0,t], and \\a\\ denotes the mesh of the partition a (see A. 5 in the 
Appendix). 

We give a review of the results obtained so far in this context. 
Since X n G Du[0, 00), we have 

00 

X n (t) = ^p fc (A n (t))0 fc . 
fe=l 

Let 

m 

4™)(i)=J>(X n (t))0 fc . 
fe=i 

Suppose J™ and J™ denote the rate functions for (X n ,Y n (ak, •), -y n ) and (A n , Y n (a, -),X^j ■ 
Y n ) respectively. Then for k > m, 

m 

(4.17) J™ (x, y<*>, z) = I afc (x, y<*>) if *(t) = ^ Pj (x) • %■(£), finite variation. 

(4.18) = 00 otherwise. 
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By the Dawson-Gartner theorem [7], 

(4.19) J?{x,y,z) = 8upJ? h (x,yW,z). 

k 

Finally, we have 

J a (x,y,z) = supliminf J£(BJ(x,y,z))), 

where B v ((x,y, z)) is the ball of radius r] in -DhxR°°xR. 

The UET property of the sequence {Y n } has several interesting consequences. First of all, we 
show that if I a (x,y) < oo, then y*(t) = J2j Vj(t)Pj exists as an element of HI*, where {(4>k,Pk)} is a 
pseudo-basis of HI satisfying ((h)) of Theorem A. 13. When H is a Hilbert space then notice that the 
Pj 6l* = i are orthogonal and the fact that ^ ■ yj (t)pj G HI can be proved by simply showing that 
\ yj(t)\ 2 < 00 • For a general Banach space H, the proof goes by first showing the convergence of 
Vj(t)Pj m C(H, R) topologized by the family of seminorm {o~c '■ C C HI compact}, where the 
o"c are defined by 

a c (f) = sup\f(h)\. 

hec 

The second step is to show that for every t > 0, the mapping 

/i G H > ^^yj(t)pj(h) 

j 

is linear. Next, we show that y* has finite total variation over any finite interval. 

Theorem 4.9. Let M be a separable Banach space. Choose a pseudo-basis {(4>k,Pk)} °f HI 
satisfying (ii) of Theorem A. 13. Suppose that {Y n } is a UET sequence. Suppose that for (x,y) £ 
£>HxR°°[0,oo) ; I a (x,y) < oo. Then, 

(i) for every compact set Cci, 

N 

sup sup I y yj(t)pj(h)\ — > 0, as M, N— > cc. 

t<Th&C 

(ii) for every t > 0, y*(t) G M* , where y*(t) = ^2jyj(t)pj 
(hi) for every t > 0, T t (y*) < oo. 

Remark 4.10. Notice that by (i) of Theorem 4.9, if I a (x,y) < oo, then for each t > 0, y*{t) G 
C(M,R), where 

(4.20) y*(t) = ^2y k (t)p k . 

k 

In fact, from the conclusion of the lemma it follows that y* is a cadlag function in the time variable, 
that is y* £ -Dc(h,r)[0; °°)- Part (ii) of Theorem 4-9 tells that if I a (x, y) < oo, then y* G Dh* [0, oo). 

For convenience of the reader, we first prove the theorem for a separable Hilbert space HI with an 
orthonormal basis {4>k}- Since HI = HI*, the Pk(-) = (•, <fik) can be identified with <f>k- 

Theorem 4.11. Let HI be a separable Hilbert space with an orthonormal basis {(pk}- Suppose 
that {Y n } is a UET sequence. Suppose that for (x,y) G -DhxR°° [0, oo), I a (x,y) < oo. Then 
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(i) sup V \yj(t)\ 2 < oo, for all T > 0. 

t<T 

j 

(ii) for every t > 0, T t (y*) < oo. 

Proof. The proofs go by the method of contradiction. 

(i) Assuming that the conclusion to be not true, we arrive at a contradiction by showing that 
I a (x,y) = oo. If (i) is not true, then for any large K, we can find an N such that 

N 



sup^| % (t)| 2 >(K + 2) 5 



t<T- j=l 

Fix an a > 0. Take K = k(T,a), where k(T,a) is defined in (3.1). 

Find a < t < T such that Y^,f=i l?/j(*)| 2 > {K + l) 2 and without loss of generality, take t > such 
that y is continuous at t. 

By the continuity of the projection 7Tj : Djjoo [0, oo) — > K at y, for every e > 0, there exists an 
r > such that 

d(u,y)<r => |u;(t) -y;(t)| < e, i = 1, . . . , JV. 
Choose e = (N)- 1 . Define 



v 



Z(g)= \\yW(t)\\ i^ yk{t)1[ °' t){ 



s)9k- 



Notice that sup s<t ||z(s)||e < 1- 

Claim: [d(Y n (a, -),y) < r] C [z ■ Y n (t) > K) 
Proof of the claim: Let u) £ LHS. Then 



z ■ Y n (cu,t) 



1 N 1 N 



jV 



(E^(*) 2 ) 1/2 - rmw\ X>(*)(^(</M)H - »*(t)). 
fc=i n y /o=i 



It follows that 



v 



JV 



>K + l-eN = K. 



Therefore we get 



P[(X n ,Y n (a,-)) eB r (x,y)} < P [d(Y n (a,-),y) < r] 

<P[z- Y n (t) > K] 



< P 



sup \z- • Y n (s)\ > k(T, a) 

s<T 
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Hence, using uniform exponential tightness (3.1), we find 

-I a (x,y) < lim sup -log P[(X n , Y n (a, •)) € B s (x,y)] < -a. 

Since this is true for all a, I a (x, y) = oo and we are done. 

(ii) If T t (y*) = oo, then for any large K, we can find a partition {ti}f =1 such that 



Since 



^||y*(ii)-y*(*;-i)|| H >(# + 2) ! 
\y*(U) - y*(ti_i)|| H = " yfc(^-i)) 2 ) 1 



/2 



we can find an N > such that 

p TV 

E(E(«*(**)-w*(*«-i)) 2 ) 1/a >(^+i)- 
j=i k=i 

Fix an a > 0. Take K = k(T, a), where k(T, a) is defined in (3.1). 
Without loss of generality, assume that y is continuous at {ti} p i=v 

By the continuity of the projections ■ -Dk°°[0, oo) — > R at y, for every e > 0, there exists an 
r > such that 

d(u,y)<r => \u k {ti) - y k (ti)\ < e, k = 1, . . . , N, i = 1, . . . ,p. 
Choose e = (2pJV) -1 . Define 

P 1 



/v 



= E 



JllvW(*i)-yWfe-i)ll~ 



E^ fc ^) ~ 2/fc( t i-l)) 1 [t l -iA)(' s ) 



Notice that sup s<t ||z(s)||e < 1- 

As in the previous proof, it follows that, 



Thus we get, 



[d(Y n (a,-),y) <r] C [z-Y n (t)>K\. 



P [(X n , Y n (a, •)) € B r (x, y)] < P [d(Y n (a, •), y) < r] 

<P[z- Y n (t) > K] 



< P 



sup|z„ • Y n (s)\ > k(T,a) 

s<T 



Hence, using uniform exponential tightness (3.1), we find 

1 



-I a (x,y) < hmsup- log P[(A"„, !"„(«,•)) e B s (x,y)] < -a. 

n—too fl 



Since this is true for all a, we are done. 



□ 
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We now proceed to prove Theorem 4.9. 
PROOF. (Theorem 4.9) 

(i) Let {(4>kiPk)} be a pseudo-basis of H satisfying ((h)) of Theorem A. 13. Fix an a > 0. For 
T > 0, define k(T, a) by (3.1). If the result is not true, then there exist a p < (k(T, a) + 1) _1 and a 
compact set C such that for all TVo, there exist N > M > iVo and a < t < T such that 

N 

sup | J/i(*)PiCOI > V 
Since sup h£ Q \\ ^2k = iPk(h)4>k — h\\u — > 0, there exists an iVo such that for all M, N > Nq 

N 

(4.21) sup || Y Pk(h)(f>k\\w < P 2 - 

/ieC k=M 

For this N , find N > M > N such that 

N 

sup sup I V yj(t)pj(h)\ > 2p. 
Next find a < i < T (depending on M, N and T) and a 7( £ C such that 

N 

(4-22) lE%(%(Ti)|>p. 

Without loss of generality assume that t is a continuity point of yi, i = M, . . . , N. 

By the continuity of the projection ixt '■ -Dr°° [0, oo) — > K at y, for every e > 0, there exists an 
r > 0, such that 

d(u,y)<r =► — < e, i = M, . . . , N. 

Choose e = /9 2 (su PheC T,M<k<N IPfcWI) -1 - 
Define 

iV 

Z ( S ) = p" 2 Pfc(7t)l[o,t)(s)0fe- 
Observe that by (4.21), s "uPs<t ||z(s)||h < 1. We claim that 

Claim: [d(Y n (a, •), y) < r] C [z ■ Y n (t) > k{t, a)} 
Proof of the claim: Let uj 6 LHS. Then 

AT 

2 • Y n (u,t) = p~ 2 Y Pk{lt)Y n {(t)k,t)(uj) 

k=M 
N 

= P~ 2 Y Pk{lt)Vk{t) + p~ 2 pk(lt)(Y n (4>k,t)(u}) -y k {t)). 

k=M 
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It follows from (4.22) that 



Y n (u,t)\ > p~ l -p~ 2 e ^ \p k { lt )\ 
M<k<N 

> k(T,a) + 1 - p~ 2 esup ^ \Pk(h)\ 



heC M <k<N 

> k(T, a) ( by the choice of e) 



P[(X n ,Y n (a,-))eB r (x,y)}<P[d(Y n (a,-),y)<r] 

<P[z- Y n (t) > K] 



< P 



sup|z_ • Y n (s)\ > k(T,a) 

s<T 



Hence, using uniform exponential tightness (3.1), we find 

-I a (x,y) < limsup-logP[(X re ,F n (a!, •)) E B r (x,y)} < -a. 

n—^oo Tl 

Since this is true for all a, we are done, 
(ii) We have to prove that 

1. y*(t)(g + h) = y*(t)(g) + y*(t)h, g,heU. 

2. y*(t)(ch) = cy*(t)(h), c G K, h 6 M. 

We prove the first claim and the proof of the second will be similar. Note that once we prove that 
y*(t) is a linear functional, the fact that it is a continuous linear functional will follow from the 
previous part. 

If the conclusion is false, then there exist g, h 6 EI such that y*(t)(g + h) ^ y*(t)(g) + y*(t)(h). 
Fix an a > 0. Then there exists a k < (k(t, a) + 1) _1 



(4.23) 
Since 



\y*(t)(g + h)- y*(t)(g) - y*(t)(h)\ > 2k > 0. 



N 



^2\pj{g + h)(j)j - Pj{g)4>j - Pj(h)(f)j] ->■ 0, as iV-^oo, 
find an Nq such that for all N > Nq 



N 



\Pi(9 + h )(f)j - Pj(g)4>j - Pj(h)4>j] || H < 



K 2 . 



For this Nq find an N > Nq such that 

N 



(4.24) 



Y [yj(t)Pj(g + h)- yj(t)pj(g) - yj{t)pj(h)] \ > «. 
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Without loss of generality assume that t is a continuity point of (yi, . . . , un)- By the continuity of 
the projection ir t : D r jv[0, oo) — > M at y, for every e > 0, there exists an r > such that 

d(u,y)<r => \m(t) - yi(t)\ < e, i = l,...,N. 

Choose e = « 2 (Ei<fc<iv \Pk(g + h) - p k (g) - p k (h)\)~ l . 
Define 

N 

z( s ) = K~ 2 ^2[p k (g + h) -p k {g) ~Pk(h)] l[ 0tt ){s)4>k- 
k=i 

Observe that sup s<t ||z(s)||e < 1- We claim that 

Claim: [d(Y n (a, ■), y) < r] C [z-Y n (t) > k(t,a)] 
Proof of the claim: Let uj £ LHS. Then 

N 

z ■ Y n (u,t) = K~ 2 ^2[p k (g + h) -Pk{g) -Pk{h)} Y n ((f) k ,t){uj) 
k=i 

N 

= *r 2 [Pkig + h)- p k {g) - Pk(h)} y k {t) 

k=l 

N 

+ K ~ 2 ^2 \Pk(9 + h) -Pk{g) -Pk{h)] (Y n ((j) k ,t)(uj) - y k {t)). 
k=i 

It follows from (4.24) that 

\z ■ Y n (u,t)\ > k' 1 - K~ 2 e ^2 \Pk{g + h) - Pk{g) - Pk(h)\ 

l<k<N 

> k(t,a) + 1 - K~ 2 e ^2 \Pk{g + h) - p k {g) ~ Pk(h)\ 

l<k<N 

> k(t, a) ( by the choice of e) 

The rest of the proof is same as the proof of Theorem 4.11. 

(iii) Fix an a > 0. If the assertion is not true, then we can find a partition {ti}f =1 such that 

p 

lly*(*i) - y*(*i-i)lk > (i + K)(tf + 3), 

i=l 

where k > and K = k(t, a) is as defined in (3.1) . Then for each i = 1, . . .p, find Ji-i £ H with 
IITi-iIIh < 1, such that 

v 

||y*(*i)(7i-i) " y*(ii-i)(7i-i)l|H* > (1 + k){K + 2). 

1=1 

From the definition y* there exists an N > such that 

p N 

E I D(fi(*0 - fi(*<-i))Pi(7i-i)l > (1 + + !)• 
i=i j=i 
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Since ^2jPj('Yi-i)<f>j = 7i-i, choose N large enough so that 

JV 

(4.25) |l5^Pj(7i-i)0jl|H< (1 + «)||7<-i||h< + i = !,■■■, P- 

Without loss of generality, assume that y = (yi,V2, ■ ■ •) is continuous at {ti} p i=v By the continuity 
of the projections iv-t. : -Dr°°[0, oo) — > M> N at y, for every e > 0, there exists an r > 0, such that 

d(u,y)<r => \u k (ti) - y k {U)\ < e, fe = 1, . . . , JV, i = 1, . . . ,p. 
Choose e = (1 + «:)(2p^fc<7V \\Pk II) -1 - Define 

p N 

Z(s) = (1 + K)~ 1 ^/9 i _l^p i (7i-l)l[t l _ 1 ,t 1 )( S )^ 5 
i=l j=l 

where = sgn Y!j=i Pj(li-i)(yj(U) - . 
Notice that (4.25) implies ||z(s)|| < 1. As before, we claim 

[d{Y n {a,-),y) <r] C [z ■ Y n (t) > K] . 

To see this notice if w G LHS, then 

p N 

z-Y n {t)(oj) = (i + k)- 1 j^p i _i5^p j ( 7i _i)(y r n (0 J -,t i ) -y n (^-,ti_i)) 

t=l 3=1 
p N 

= (i + ^r 1 X^- 1 l^^i(7i-i)(yi(*i) - yj(k-i)) 

i=l j=l 

p N 

+ (1 + k)" 1 j^Pi-i - 
i=l i=l 

p 

- (1 + K) _1 ^pj_i ^p i (7 i _i)(y n ((/) i ,ti_i) - 
i=i i=i 



Hence 

P AT 

I* • ynWMI > (i + E I DPi(7i-i)(yj(«<) - %(^-i))| 

i=l i=l 

p AT 

- (1 + k)" 1 J^Pi-i ^Pj(7i-l)l 5 n(0i,*t) - J/j(*t)| 

i=l j=l 
p N 

- (l + k)" 1 *Y^Pi-i ^pj(7i_i)|y n (0j,^_i) - yj(*»— 1)| 

i=i i=i 

Af 

> K + l- 2(1 + K )~ 1 epY, bill = 

i=i 

The rest of the proof is similar to the case of Hilbert space. 

□ 
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Let 

(4.26) T> = {y* £ D a « [0, oo) : T t (y*) < oo, for all t > 0} . 

Remark 4.12. Part (iii) of Theorem 4-9 indicates that if for (x,y) 6 DhxM°° [0, oo), I a (x,y) < 
oo, then y* £ V, where y* is defined by (4-20). 

For g G D R fc[0,oo), define 

^) = E^)v fc vf +l) w 

where the r| are defined by: 

4 = o, 

r fc 5 +1 = mf{ S >rf : \g(s) - g(r 5 k )\ > d} . 

For y E D K fc[0, oo), note that 

98 ■ V(t) = Y, 9(r 5 k ) T (y(4 +1 At)- y(r S k A *)). 
k 

Recall that for /i£l, the notation P/v(/i) was defined at the beginning of the Section 4.2. 

Lemma 4.13. For rj > and a > 0, iftere exist sufficiently small 5 > and sufficiently large 
N > suc/i 

limsup-logP[d(X n _-y n ,(Pjv(X n _)) 5 -y n (ajv,0) > 2t?] < -a. 

n— >oo W 

Proof. Since {A^ n } is exponentially tight, it satisfies the exponential compact containment 
condition. Thus, there exists a compact set K a , such that 

limsup — log P [X n (t) ^ K a , for some t < a] < —a/3, 
n n 

Let 

T~n,a — inf {s : X n (s) (/ Ka}- Then notice that 

P [r n ,a <a] = P [X n (t) <£ K a , for some t < a] . 

Hence, 

(4.27) limsup - logP [r n>a < a] < -a/3. 

n n 

Since Sn(x) = ^2k = iPk(x)4>k — > % as N — > oo uniformly over compact sets (see Lemma A. 15 in 
Appendix), choose N > such that sup xeKa \\Sn(x) — x\\ < e, where e > is to be specified later. 
Therefore 

(4.28) sup \\S N (X n (s)) - X n (s)\\ <e. 
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Observe that, 

/•oo 

d(S N (X n _) ■ Y n , X n _ ■ Y n ) < / e~ u sup \S N (X n _) ■ Y n (t Am) - X n _ ■ Y n (t A u)\ A 1 du 

JO t>0 

< / (•••)+ / (•••) 

JO Jr n „ 



< sup \S N (X n _)-Y n (s)-X n _-Y n (s)\+e- T -- 

S<T n ,a 



(4.29) 

Note that by our notation, 

- r 

P N (X n _) ■ Y n (a N , •) = S N (X n _) Y n = J2 Pj(X n (s-)) dY k (^ s). 

Let t > be such that e~* < r], and notice that for any t > 0, by the definition of the metric d 
d(P N (X n _)-Y n (a N ,-),(P N (X r ^))s-Y n (a N ,-)) < sup \(P N (X n .) - (P N (X n .)) s ) • Y n (a N , -)(s)\ 

s<t 

(4.30) 

Thus, using (4.29) and (4.30), 



+ e 



d(X n _ ■ Y n , (P N (X n .)) s ■ Y n (a N , •)) < sup \S N (X n _) ■ Y n (s) - X n . ■ Y n (s)\ + e~ T ^ 



+ sup\(P N (X n _) - (P N (X n _)) s )-Y n (a N ,-)(s)\+e- 

s<t 



Hence, 



[d(X n _ ■ Y n , (P N (X n -)) s ■ Y n (a N , •)) > 27)] C 



sup \S N (X n _) ■ Y n (s) - X n „ ■ Y n (s)\ > 77/3 

i<T n ,a 

U [e~ Tn - a > 77/3] 



U 



supKPjvC^n-) - (P N (X n -)) s ) ■ Y n (a N ,-)(s) 

s<t 



>7?/3 



Let a > — log 77/3. Choose e = 6 such that 

eK(t,a/3) < 77/3. 

Then using (4.28) and the uniform exponential tightness of {Y n } (3.1), it follows that 
limsup-logP[d(X„_ • Y n , (P N {X n -)) s ■ Y n (a N , •)) > 77] < -a. 

n— ><x 71 



□ 



Theorem 4.14. Suppose for (x,y,z) <E -DhxR°°xr[0, 00) , y* defined by (4-20) G V. 
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(i) If z 7^ x ■ y* , then 

J a {x,y,z) = oo. 

(ii) If z = x ■ y * , then 

J a {x,y,z) = I a {x,y). 
Proof, (i) Fix an a > 0. By the hypothesis, there exists an 77 > such that 

(4.31) d(z,x -y*) > Ar] > 0. 

For this 77, choose N > and 5 > such that the conclusion of Lemma 4.13 is satisfied. In fact, 
choose N > large enough, and 5 > small enough, so that 

d(x ■ y*, (Pn(x)) s ■ y*(a N , •)) < 2ti, 
where y*(ajv,0 = (y*(</>i, •),■■■ ,y*(<?W)) = (j/i, • • • , 2/tv) = y (7V) - Then, 

d(z,{P N (x)) 5 -y*(ajv,-)) > 
Define a function G" 5 : Z?hxR°° [0, oo) — >• Dr[0,oo) by 

G^(M) = (W0W*°- 

Take (5 smaller (if necessary) so that G s is continuous at (x,y). 
Then there exists an r > such that 

(4.32) G 5 (B r (x, y)) C B n (x ■ y*). 
Next, observe that 

{(X n ,Y n (a,-)) G B r (x, y),X n _ ■ Y n G B v (z), d((Pjsf(X n -))g ■ Y n (a>N, -),X n - ■ Y n ) < 2 V } = 0, 
as otherwise, by (4.32) 

d((P N (X n _)) 5 -Y n (a N ,-),x -y*) < ??. 

It follows that 

d(z,x- y*) < d(z,X n _ ■ Y n ) + d((P N (X n _)) 5 ■ Y n (a N , ■),*„_ ■ Y n ) 
+ d((P N (X n -)) s ■ Y n (a N , -),x ■ y*) < 4r/, 

which is a contradiction to (4.31). Thus, 

{(X n ,Y n (a,-)) G B r (x,y),X n _-Y n G B„(z)} = {(X n , Y n (a, •)) G 5 r (x, y), X n _ • Y n G 

d((Pjv(X n _)) 5 • Y n (a N , • y n ) > 2t?}. 

By Lemma 4.13 

-J a {x,y,z) < limsup-logP[(A" n ,y n (a,-)) G B r (x,y),X n - ■ Y n G Bj,0z)] 

n— >oo 71 

< limsup - log P [d{(P N (X n -)) s ■ Y n (a N , -),X n - -Y n ) > 2 V ] < -a. 

n— >oo 71 
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Since this is true for all a > 0, we are done. 



(ii) Since z = x ■ y * , for every r/ > we can find N > such that 



d((x,y,z),(x,y,P N (x) ■ y ( >))<r]. 



From (4.17) and (4.19) 



j£(x,y,P N (x)-yW)) = I a (x,y). 



Recall that 



J a (x,y,z) = supliminf J™(B r/ ((x,y, z))). 



rj>0 m ~^°° 



It follows that 

J a (x,y,z) < I a (x,y). 

Since the reverse inequality is always true by the contraction principle, the theorem follows. □ 
We summarize our results in the following theorem. 

Theorem 4.15. Let M be a separable Banach space and {(4>k,Pk)} a pseudo-basis ofW satisfying 
(ii) of Theorem A. 13. Let {Y n } be a sequence of {J 7 ™} -adapted, standard -semimartingales and 
{X n } a sequence of cadlag, adapted H- valued processes. Assume that {Y n } is UET. If {(X n ,Y n )} 
satisfies a LDP in the sense of Definition 4-2, then {(X n , Y n , X n _ ■ Y n )} also satisfies a LDP. The 
associated rate function of the tuple {(X n ,Y n (a, -),X n - ■ Y n )} can be expressed as 



where a = (0i, 02> •••,)> Y n (a, •) = (Y n (<fii, •), Y n (cj>2, •)>•• •)> y* and V are defined by (4-20) and 
(4-26) respectively. 

4.3. LDP results for stochastic integrals: (L, H)^ -semimartingale. Analogous to Theorem 4.8, 
we have our theorem on the large deviation principle of the stochastic integrals with respect to a 
sequence of (L, H)*-semimartingale. The development of the proof is almost exactly similar to that 
of Theorem 4.8. 

Theorem 4.16. Let {Y n } be a sequence of {J 7 ]}} -adapted, standard (L, H)# -semimartingales 
and {X n } be a sequence of cadlag, adapted H- valued processes. Assume that {Y n } is UET. If 
{(X n ,Y n )} satisfies a LDP in the sense of Definition 4-2 with the rate function family {I a : a £ A}, 
then {(X n ,Y n , X n - ■ Y n )} also satisfies a LDP. 

4.3.1. Identification of the rate function. As before, we follow the process of identification of 
the rate function of the tuple {(X n , Y n ,X n _ ■ Y n )} in Theorem 4.16. Again we assume that H is 
a separable Banach space with a pseudo-basis {(4>k,Pk)} satisfying (ii) of Theorem A. 13 . The 
notation used in the beginning of Section 4.2 is used here as well. The following theorem is the 
analogue of Theorem 4.9 and the proof is almost exactly the same. 

Theorem 4.17. Let H be a separable Banach space. Choose a pseudo-basis {(4>kiPk)} of H 
satisfying ((H)) of Theorem A. 13. Suppose that {Y n } is a UET sequence. Suppose that for (x,y) G 
^HxlR^I ' 00 )' 1 <x( x ,y) <°°- Then, 



(4.33) 




A. GANGULY/LARGE DEVIATION PRINCIPLE IN INFINITE-DIMENSIONAL STOCHASTIC ANALYSIS28 

(i) for every compact set Cci, 

N 

sup sup I y yj(t)pj{h)\ — > 0, as M,N — > oo. 

t<Thec ^ M 

(ii) for every t > 0, y*(t) G M* , where y*(t) = ^2jVj(t)pj 

(iii) for every t > 0, T t (y*) < oo. 

We next state an approximation result similar to Lemma 4.13. Recall that EI is the completion of 
the linear space % = |X^.=i Sj=i a ijfi4>i '■ fi £ {/«} ; 4>j £ with respect to a suitable norm 

II ' 

For = Eil Z?=i <kjfi<f>i, define Q,, m : U -> L m by 

Ql,m(h) = Oji/i, ^ a^/i, • • • > ^ CLi m fi). 

i=l i=l i=l 

For g G D L fe [0, oo) define 

55 (t) = ^ 5 (r fc 5 )l [r , iT , +i) (t) 

where the r| are defined by: 

^ = o, 

T fc 5 +1 = inf{ S >7f :||a( S )- 5 (r£)|| L >o). 

For y G D R fe[0,oo), define that, 

35 • i/(t) = £ 9(r s k ) T (y(T S k+1 At) — y(4 A t)). 
fe 

where for (f u f m ) T G L fc and . . . , y k ) T G R k , 

(/i,---,/m)(yi,---,yfe) T = ^yi/i e L. 

Recall that the Cj,- are defined by (2.4) in Chapter 2. 

Lemma 4.18. For ij > and a > 0, t/iere exist sufficiently small e > 0, 5 > and sufficiently 
large l,m > suc/i treat 

limsup-logP • y n , (Qi, m (X£_)) a • 5^(aw, ■)) > 2r l] < ~a, 

n— >oo n 

waere JT*(s) = Y^i™ c \j( X n{s)) fi<t>j ■ 

Proof. Since {A^} is exponentially tight, it satisfies the exponential compact containment 
condition. Thus, there exists a compact set K a such that 

limsup — log P [X n (t) ^ K a , for some t < a] < —a/3. 

n Tl 
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Let 

T~n,a — inf {s : X n (s) (/ Ka}- Then notice that 

P [r n ,a <a] = P [X n (t) (/ K a , for some t < a] . 

Hence, 

(4.34) lim sup - log P [r n>a < a] < -a/3. 

n n 

Fix e > 0. Then there exists I, m > such that defining 

l,m 

we have 



hi 



\\x e — x\\ < e, for all x £ K a 

where e > is to be specified later. 
Hence, 

(4.35) sup \\X e n {s) - X n {s)\\ <e. 
Observe that 

POO 

d(X e n _ ■ Y n , X n _ -Y n )< / e~ u sup \X e n _ ■ Y n (t Am) - X n _ ■ Y n (t A u)| A 1 du 

JO t>0 
fr n ,a— roc 
< / (•••)+ / (•••) 

(4.36) < sup \X^-Y n (s)-X n _-Y n (s)\+e- T ^. 

S<T n ,a 

Note that by our notation, 

l m ,. 

Ql, m (K-) ■ Y n (a m , •) = X e n _ ■ Y n = f* I c *A x n(s-)) dY k {<t> 3 ,s). 

i=l j=l 

Let t > be such that e _t < r\ and notice that for any t > 0, by the definition of the metric d 
d(Qi, m (X e n _) ■ Y n (a m ,-),(Q hm (X*_)) s ■ Y n (a m ,-)) < sup \{Q l>m (X e n _) - {Q hm {X e n _)) s )- 

s<t 

(4.37) r n (cw)(*)|+e-*. 
Thus using (4.36) and (4.37), 

d{X n _ ■ Y n , (Q l>m (X^_)) s ■ Y n {a m , •)) < sup \X* n _ ■ Y n (s) - X n _ ■ Y n (s)\ + e~ T ^ 

+ sup \(Q l>m (K-) ~ (QiA X n-))s) ■ Y n (a m , -)(s)\ 

s<t 
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Hence, 



{d(X n _ ■ Y n , (Qi, m (X e n _)) 8 ■ Y n (a m , •)) > 2?/} c I sup \X e n _ ■ Y n (s) - X n _ ■ Y n (s)\ > r//3 

U { e ~ Tn ' Q > 77/3} 



U { sup|(Q,, m (X*_) - (Q l>m (XU)s)-Y n (a m ,-)(s)\ 

s<t 



>r?/3 



□ 



Let a > — log 77/3. Choose e = 5 such that 

eK(t,a/3) < r//3. 

Then using (4.35) and uniform exponential tightness (3.1), it follows that 

limsup - logP [d(X n _ ■ Y n , (Q l)Tn (X^_)) s ■ Y n (a N , •)) > v] < ~a- 

Theorem 4.19. Suppose for (x,y,z) <E Dg xRooxL [0, 00), y* defined by (4. 20) G V. 

(i) If z / x • y*, then 

J a (x,y,z) = 00. 

(ii) If z = x ■ y* , then 

J a (x,y,z) = I a (x,y). 
Proof, (i) Fix an a > 0. By the hypothesis, there exists an 7/ > such that 

(4.38) d(z,x -y*) > 4r? > 0. 

For this rj, choose l,m > and e, 5 > such that conclusion of Lemma 4.18 is satisfied. In fact, 
choose /, m > large enough and 5 > small enough so that 

d(x ■ y*, (Qz,m(z € ))(5 • y*(a m , ■)) < 2r ?> 

where x e = £-'J ^.(x)/^, y*(« m , ■) = (y*(0i, ■), • • • ,y*0™ 0) = foi, ••• ,Vm) = V {m) ■ Then 

(Qi, m (x e ))s ■ y*(a m , •)) > 27/. 

Define a function G^' 6 : -Dg x]ROO [0, 00) — ^ Dr[0, 00) by 

G* e (M) = (Qi,m(& £ )W m) . 

Take 5, e smaller (if necessary) so that G S ' e is continuous at (x,y). 
Then there exists an r > such that 

(4.39) G s > e {B r {x,y))cB v (x-y*). 
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Next, observe that 

{(X n ,Y n (a, •)) € B r (x,y),X n _ • Y n G B v (z),d{(Q l>m {X e n _)) s • Y n (a m , -),X n _ ■ Y n ) < 2 V } = 0. 
as otherwise, by (4.39) 

d({Qi >m (X e n _))s ■ Y n (a m , -),x- y*) < rj. 

It follows that 

d(z,x-y*) < d(z, X n _ ■ Y n ) + d({Qi, m (X e n _)) 5 ■ Y n (a m , ■), X n _ -Y n ) 
+ d{(Q hm (X e n _)) s ■ Y n {a m: -),x • y*) < 4t/. 

which is a contradiction to (4.38). Thus, 

{(X n ,Y n (a,-)) G B r (x,y),X n . -Y n G B„(z)} = {(X n ,Y n (a, ■)) G B r (x, y), X n _ ■ Y n G B n (z), 

d{(Q hm (X e n _)) s ■ Y n (a m , -),X n - ■ Y n ) > 2t?}. 

By Lemma 4.18 

-J a (x,y,z) < hmsup-logP [(X n ,Y n (a, •)) G B r (x,y),X n _ ■ Y n G ^(z)] 

<limsup-logP[d((Q J , m (X ri _)) ( 5-y n (a m ,-),Xr ! ,- ■ 5n) > 2 v] < ~a- 

Since this is true for all a > 0, we are done. 

(ii) Since z = x ■ y* , for every r/ > 0, we can find l,m > such that 

d((z, y, z), (x, y, Qz, m (x e ) • y (m) )) < rj. 

Let Ja' m denote the rate function for 

l m .. 

Ql, m (X n _) ■ Y n (a m , ■)=X ( n _-Y n = Y J Y.h °ij(Xn{s-)) dY^s). 

i=i i=i J 

By the finite-dimensional result of Garcia [18] 

Jk m (x,y,Qi, m (x e )-y {m) )) = ia(x,y). 

Since 

J a (x,y,z) = supliminf J l ^ m {B n {{x,y,z))), 

jjX) l,m— >oo 

it follows that 

J a (x,y,z) < I a (x,y). 

As the reverse inequality is always true by the contraction principle, the theorem follows. □ 
We summarize our results in the following theorem. 
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Theorem 4.20. Let H be a separable Banach space and {(4>k,Pk)} a pseudo-basis ofW satisfying 
(ii) of Theorem A. 13. Let {Y n } be a sequence of {J-™} -adapted, standard (L,H)* -semimartingales 
and {X n } a sequence of cadlag, adapted HI valued processes. Assume {Y n } is UET. If {(X n ,Y n )} 
satisfies a LDP in the sense of Definition 4-2, then {(X n ,Y n , X n _ ■ Y n )} also satisfies a LDP. The 
associated rate function of the tuple {(X n ,Y n (a, •), X n _ ■ Y n )} can be expressed as 



(4.40) J a (x,y,z) 



I a (x,y), z = x-y*, y* G V. 
oo, otherwise, 



where a = (</>i, 02, •■•,)> Y n {a, •) = (Y n ((j)\, ■), Y n ((j>2, •),.. .), y* and V are defined by (4-20) and 
(4-26) respectively. 

5. LDP for stochastic differential equation. 

5.1. -semimartingale. 

Theorem 5.1. Let H be a separable Banach space and {(4>k,Pk)} a pseudo-basis ofW satisfy- 
ing (ii) of Theorem A. 13. Let {Y n } be a sequence of uniformly exponentially tight {J-f 1 } -adapted, 
standard H#- semimartingales, {X n } a sequence of cadlag, adapted M. d -valued processes and {U n } a 
sequence of adapted M. d -valued cadlag processes. Suppose that {(U n ,Y n )} satisfies a large deviation 
principle with the rate function family {Ip{-, •)}• Assume that F : M. d — »■ H is a continuous function 
and X n satisfies 

X n {t) = U n {t)+F{X n „)-Y n (t). 

For y £ Droo[0, oo), define y* by (4-20). Suppose that for every (u,y) G L> R d xR oo [0, oo) for which 
I a (u,y) < oo, the solution to 

x = u + F(x) • y* 

is unique. Assume further that {(U n , X n ,Y n )} is exponentially tight. Then the sequence 
{(U n , X n , Y n (a, •))} satisfies a LDP in Z? R d xK d xKO o [0, oo) with the rate function given by 



(5.1) J a (u,x,y) 



where T> is defined by (4-26). 



I a (u,y), x = u + F(x) -y*, y*eV. 
oo, otherwise. 



Proof. We borrow ideas from the proof of Theorem 8.2 of Garcia [18]. To prove that {(U n , X n , Y n (a, •))} 
satisfies a large deviation principle, its enough to prove that for every subsequence of {(U n , X n ,Y n (a, •)}, 
there exists a further subsequence which satisfies a LDP with the same rate function J a . Since for 
every exponentially tight sequence there exists a subsequence which satisfies a LDP, we can assume 
that {(U n , X n , Y n (a, •))} satisfies a LDP with the rate function J a , and then show that the expres- 
sion of J a does not depend on the choice of a subsequence. 

Let (u, x, y) G D R d xK d xK oo [0, oo). Notice that if y* defined by (4.20) is not in V, then J a (u, x, y) = 
oo by Theorem 4.11 and (iii). 

Next suppose that y* G V, but x ^ u + F{x) ■ y* . We will prove that in this case 

J a (u,x,y) = oo. 

Notice that by the contraction principle, {(U n , F(X n ), Y n (a, •))} satisfies a LDP with the rate 
function 

A a (u, z, y) = inf { J a (u, q, y) : F(q) = z] . 

g 
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It follows from Theorem 4.15 that {(U n , F(X n ), Y n (a, •), F(X n _) -Y n )} satisfies a LDP with the 
rate function 



mf q {J a (u,q,y) : F(u) = z} , p = z-y*, y* £ V. 
oo, otherwise. 



Since X n = U n +F(X n _)-Y n , it now follows from the contraction principle that {(U n , F(X n ), X n ,Y n (a, 
satisfies the LDP with the rate function given by 



(5.2) J a (u,z,x,y) 



mf q {J a (u, q, y) : F(q) = z} , x = u + z-y*, y* G V. 
oo, otherwise. 



On the other hand, notice that since {(U n , X n , Y n (a, •))} satisfies LDP with rate function J a , the 
contraction principle yields 



(5.3) J a (u,z,x,y) 



J a (u,x,y), if z = F(x), 
oo, otherwise. 



We will prove that if x ^ u + F(x) ■ y* , then for all z 

J a (u,z,x,y) = oo. 
Then taking infimum over all z, we see that J a (u,x,y) = oo. 

Case 1: x ^ u + F(x) • y* 

Fix a z. Notice that if x ^ u + z ■ y*, J a (n, z, x, y) = oo. So suppose that x = u + z ■ y*. Then from 
the assumption we find that z ^ F(x). It follows from (5.3) that, J a (u, z,x,y) = oo. 

Next assume that x = u + F(x) ■ y* . We will prove that J a (u, x, y) = I a (u, y). 
Case 2: x = u + F(x) • y* 

If I a (u,y) = oo, clearly J a (u,x,y) = oo. So, assume that I a (u,y) < oo. Then there exists a q such 
that J a (u,q,y) < oo. From Case 1 it follows that q = u + F(q) -y*. By the uniqueness assumption, 
it follows that q = x. Hence we have 

J a (u,x,y) = J a (u, q, y), for all q such that J a (u,q,y) < oo. 

It follows 

J a (u, x, y) = inf J a (u, q, y) = I a (u, y). 
i 

□ 

The above theorem can be extended to cover stochastic differential equations of the type 

X n (t) = U n + F n (X n _)-Y n . 
where the F n : M d — > EI are measurable functions satisfying some suitable conditions. 

Theorem 5.2. Let H be a separable Banach space and {(4>k,Pk)} a pseudo-basis ofW satisfying 
(ii) of Theorem A. 13. Let {Y n } be a sequence of uniformly exponentially tight {J-™} -adapted, H*- 
semimartingales, {X n } a sequence of cadlag, adapted M. d -valued processes and {U n } a sequence of 
adapted M. d -valued cadlag processes. Suppose {{U n ,Y n } satisfies large deviation principle with the 
rate function family {Lp{-, •)}. Assume that F,F n : M d — > H are measurable functions such that 
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• for all x whenever x n — > x, F n (x n ) — > F(x). 
Suppose that X n satisfies 

X n {t) = U n (t) + F n (X n _)-Y n {t). 

For y E Z)jroo[0, oo), define y* by (4-20). Suppose that for every (u,y) G L> K d xK oo [0, oo) for which 
da(u,y) < oo, the solution to 

x = u + F{x) ■ y* 

is unique. Assume further that {(U n , X n ,Y n )} is exponentially tight. Then the sequence {(U n ,X n ,Y n (a, 
satisfies a LDP with the rate function given by 



(5.4) J a (u,x,y) 



I a (u,y), x = u + F(x) -y*, y* G T>. 
oo, otherwise. 



Proof. The proof is almost exactly same as the above theorem once we apply a generalized 
version of the contraction principle (see Theorem A.l) instead of the usual one. □ 

Example 5.3. [LDP for Markov chains] 

Let {X%} be a Markov Chain in M. d satisfying 

X% +1 = XI + -b(X%,£k+i)i 
n 

where the are iid with distribution ir. We want a LDP for |x n (i) = A^j|. Define 

[nt] 

M n (T,t) = 

fc=i 

and notice that, 

X n (t) = X + - [ b(X n (s),u)M n (du x ds). 

n JEx[0,t) 

Now M n is a counting measure with mean measure tt fi n , where \i n [0,t] = [nt]. Consider M n as 
an H#-semimartingale, for EI = M*(7r) C L (tt) (see Definition A.l), with $>(x) = e x — 1. Assume 
that b is Lipschitz in the first argument and sup x \\b(x, -)||$ < oo. 

To prove that {^"} satisfies a LDP we have to carry out the following three steps: prove 1) UET 
of {Y n = M n /n} 2) LDP of {Y n = M n /n} 3) exponential tightness of the solution {X n } 
The LDP of {AT™} will then come from Theorem 5.1. 

Step 1: The proof that {Y n = M n /n} is UET is similar to that of Poisson random measure in 
Example 3.3. Let Z(u, s) be a cadlag process such that sup s<t \\Z(-, s)||$ < 1. Observe that without 
loss of generality we can take Z > for our purpose. 

Call H n (t) = Z_ • M n (t). Then as in Example 3.3, apply Ito's lemma to get 

E( e H »®) = l + nE f e Hn{s) I {e z{u ' s) - \)^{du)^ n {ds). 
Jo Je 
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Now since ||/||$ < 1 iff f &(\f\) du < 1, we see from our assumption on the process Z that 
^Ps<t Iu( eZ{u,s) ~ l )dv{u) < 1. Thus, 

E(e H "^) <l + E I e H "^n n {ds), 
Jo 

and by Gronwall's inequality 

E(e H "®) = E(e z -- Y «®)<eW. 

Therefore 

P(supZ_ • Y n (s) > K) = P(Z_ ■ M n (t) > nK) = p( e z --M n (t) > 

s<t 

< E(e z -- M "^)/e nK < e nt - nK . 
Choosing k(t, a) = K = t + a, we have 

< -a. 



lim sup — log sup P 

n n 



sup \Z- ■ Y n (s)\ > k(t, a) 

s<t 



Step 2: To prove that {Y n = M n /n} satisfies a LDP, we have to show that for any finite collection 
h=(h 1 ,...h m ) in M*(tt) 

{Y n (h,-) = (Y n (hi, •),-.., Y n (h m ,-))} 
satisfies a LDP in D%m[0, oo). Notice that 

[nt] 

m„(m) = 

fc=i 

where addition is taken component wise. Define 

H(p) =log / e^^cfe), 

and take L to be the Frenchel-Legendre transform of H, that is 

L(q) = sup {p ■ q - H{p)} . 



By a functional version of Cramer's theorem, \Y n (h, •) = -M n (h, •)} satisfies a LDP with the rate 
function given by 

fKK\ t ( (m)\ J io°° L (y (m) ( s )) 5 lf V {m) =(yi,---,Vm) is absolutely continuous 
loo, otherwise. 

Thus if a = 02, ■ • •) is a basis for M*(-7r), then 

J a (y) = sup/ am (y (m) ), y = (yi,y 2 , ■ ■ •) 



A. GANGULY/LARGE DEVIATION PRINCIPLE IN INFINITE-DIMENSIONAL STOCHASTIC ANALYSIS36 
where a m = (0i, . . .,4> m ). 

Step 3: For simplicity of the calculation we will assume d = 1. By Ito's lemma, 

e nX-(t + h) = enX n(t) + f e nX^s-) {e b(X^s-),u) _ 1)Mn{du x ds) 

JUx[t,t+h) 

It follows that, 

E(e »(X»(t+fc)-X»(t)) ra = l + E I e n(^( S -)-X«(t)) (e 6(X"( S -),u) _ 1)^)^)^). 

./[/x[t,i+/i) 

Hence 

s(e n(X«(t + h)-X"(t)) |j;n) < l+nE I e n(X-(t + s-)-X"(t)) {e b(X-(t + s-),u) _ fyy^J*) 

JUx[0,h) 

< 1 + nsup \\b(x, -)||$ / E(e n ^ n (* +s -)- xn W)|J7)ds. 
z Jo 

By GronwalPs inequality 

£( e npf»(t+/!,)-X«(t))|jrn) < e nsu Pl ||&(ay)||»fr 

Similarly 

f; ^-r>(X''(i+ft)-X''(i))|jnj < e nsup x 1 1 6(rc,-) II * ^ ? 

and it follows that 

E , e n\X n (t+h)-X n (t)\\-pn^ < 2e nsup x ||6( a; ,-)||*/i_ 

Now, the exponential tightness of {^ n } follows from Theorem 4.1 of Feng and Kurtz [13] and 
Theorem 5.1 gives the LDP of {-X" n } with the rate function given by 

J{x) = inf {I a {y) : x(s) = b(x(s), •) • y*(ds)} . 
y* 



Example 5.4. [LDP for random evolutions] Let £ be a complete and separable metric 
space. Let be a {J-fc}-Markov chain in E with the transition kernel P. Consider the evolution 
equation 

X% +1 = XI + -b(X%,£ k+1 ). 
n 

By a slight abuse of notation, put £„(t) = £[ nt ], X n (t) = X™ nt y We wish to find a LDP for {X n }. 

Note that for each n, {X n } is adapted to the filtration jj 7 " = J 7 ^]}. 
Define 

[nt] 

M n (r,t) = ^l r (6), 
k=i 

and notice that X n satisfies 



X n (t) =X% + - I b{X n (s),u)M n {du x ds). 

n JEx[0,t) 
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Define M n by 

k=i 

Notice that for each T, M n (T, •) is a martingale. Define the random measure fj, n by 

[nt] 

k=i 

Then, 

E{ / H(u, s)M n (du, ds)) = E{ / s)fi n (du, ds)). 

JEx[0,t) J Ex[0,t) 

Assume that there exists a cr-finite measure ir such that the Radon-Nikodym derivatives 

P{x,du) 
7r(an) 

Consider M n as an H#-semimartingale, for H = M*(-7r) C L®(ir) with = e x — 1. Assume that 
Assume that b is Lipschitz in the first argument sup x \\b(x, -)||$ < oo. 

Again to prove that {X n } satisfies a LDP we have to carry out the following three steps: prove 1) 
UET of {Y n = M n /n} 2) exponential tightness of the solution {X n } 3) LDP of {Y n = M n /n}. 
Theorem 5.1 will then give the required LDP of {AT n }. 

Step 1: Let Z(u,s) be a cadlag process such that sup s<t ||Z(-,s)||$ < 1. Observe that without loss 
of generality we can take Z > for our purpose. 
Call H n (t) = Z- ■ M n (t). Then by Ito's lemma 



f(H n {t)) = f(H n (0)) + [ f(H n (s-) + Z(u, s-)) - f(H n (s-)) M n (du, ds). 

JUx[0,t] 

Therefore, taking f(x) = e x , 

E(e Hn{t) ) = 1 + E [ e Hn(s)( e Z(u,s) _ i^ dUtd8 ^ 

JEx[0,t) 
[nt] 

= 1 + J" / e Hn(k/n)( e Z(u,k/n) _ 1)p(£ fc , du ) 

[nt] 

< 1 + V e Hn( - k/n) sup / (e 2(u ' fc/n) - l)P(x, du) 

k=i x Je 

= 1 + Y sup f ( e z ^ k ^ - l)^%^vr(dn) 

[nt] 

< 1 + cy e Hn{k/n) / ( e z[u ' k/n) - l)7r(d«). 

i i J E 



Now since ||/||$ < 1 iff f &(\f\) dv < 1, we see from our assumption on the process Z that 
^Vs<tS E ^ Z{u,s) ~ < 1. Thus, 



E(e Hn ®) <l + CE f e Hn ^u n (ds), 
Jo 
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where v n [0,t] = [nt]. and by Gronwall's inequality 

E( e Hn ®) = E(e z -- Mn ®)<e c W. 

Therefore 

P(supn- 1 Z_ • M n {s) > K) = P(Z^ • M n (t) > nK) = p( e z --M n {t) > e nK^ 

s<t 

< E(e z -' Mn ^)/e nK < e Cnt ~ nK . 
Choosing k(t, a) = K = Ct + a, we see that 

< -a. 



lim sup — log sup P 

n n 



supn _1 |Z_ ■ M n (s)\ > k(t,a) 

s<t 



This proves that the sequence {Y n = M n /n} is UET. 
Step 2: By Ito's lemma, 

e nX"(t+h) = e nX»(f) + I' e nX«( S -) (e 6(X"( S -),«) _ l )Mn {du X ds). 

JUx[t,t+h) 



Recall that = J~\ n t] - It follows that, 

E{e n(X^t + h)-X^t)) lTn = l + E f e n(X"(s-)-X"(t)) {e b(X"(s-),u) _ ds) \ jrny 

JuxH,t+h) 



Hence 



E{e n{X n{ t + h)-X n{ t)) m < 1+ J- f e n(X-(k/n)-X-(t)) {e b(X- ( k/n),u) _ l)P ^_ u d U )\T [nt] ] 

nt<k<n(t+h)) U 

l + E ( e n ( xn ^- x "^ I (e b ^ k ' n ^ - l)n(du)\T [nt] ) 



nt<k<n(t+h)) ' 
nt<k<n(t+h)) 

< l + sup||6(s, •)!!*£( ]T e< xn ^- xn ^\F [nt] ) 



nt<k<n(t+h)) 

By Gronwall's inequality (Theorem 5.1, Page 498, [12]) 

E ^ e n{X n {t+h)-X n {t))\j F n\ < e nsu Px \\b(x,-)Uh 

and as before, exponential tightness of {A" n } follows. 

Step 3: It follows from Theorem 5.1 that if the sequence of occupation measures {Y n = M n /n} 
satisfies a large deviation principle with rate function / then {X n } satisfies a large deviation prin- 
ciple with the rate function described there. Large deviations for occupation measures of Markov 
chain was first studied by Donsker and Varadhan in [9, 10]. Much of the subsequent work include 
relaxation of the original conditions and extension to certain classes of continuous time Markov 
processes [22, 25, 20, 8, 11, 7, 13]. In particular, the books [8, 11, 7, 13] are good sources for the 
topic. The following result is from [13]. 
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Let Ai{E) be the space of finite, Borel measures on E with the topology being given by the 
weak convergence. Notice that the Y n can be considered as cadlag processes on A4(E), that is, 
Yn £ Am(e)[0, °°)- Also, let Cb(E) denote the space of continuous and bounded function on E and 
Cb(E) + C Cb(E) denote space of all functions / G Cb(E) with mf xeE f(x) > 0. 
Write 

C(E) ={z£ M{E x [0,oo)) : z(E x [0,t]) = t,t > 0} . 
Topologize by weak convergence on bounded intervals, that is, z n — > z if 

/ f(u,s)z n (duxds)^- / f(u,s)z(duxds), t>0 

JEx[Q,t] JEx[0,t] 

for all / G Cfo(i? x [0,oo)). Denote Mp( E ) [0,oo) be the space of measurable "P(-E)-valued functions 
on [0,oo). If z G C(E), then there exists G Mp(£)[0, 00) such that 

z{C x [0,t)) = I m(C,s) ds. 

JO 

We write i(i) = Conversely, if ^ G M-p^[0, 00), then z defined by the above relation is in 
C(E). Assume that the transition matrix P of the Markov chain satisfies the following uniform 
ergodicity condition (see Page 100, [8], Appendix B, [13]): there exist l,N G Z + with 1 < / < iV 
and M > 1 such that 

M N 

m=l 

The above uniform ergodicity condition guarantees the existence of an unique invariant probability 
measure v for P. Then {Y n } satisfies a LDP in C^e) [0, 00) with rate function 



(5.6) I(y) 
where Ip(/J-) is given by 



f °° I P (y(s)) ds, y€C(E) 
00, otherwise, 



f€C b (E)+ J E f 



Our next example is a Freidlin-Wetzell type small diffusion problem, where the driving integrator 
is space-time Gaussian white noise. These problems were first studied by Frieidlin and Wentzell in 
[36], for SDEs driven by standard one dimensional Brownian motion. Since their work, many original 
assumptions were significantly relaxed (see for example [1, 11]). Large deviations for diffusions 
driven by infinite-dimensional Wiener processes have been studied in [3] and [2]. Cho [4] considers 
the case when the driving integrators are continuous orthogonal martingale random measures. 

Example 5.5. [Freidlin - Wentzell type LDP I [16]] 

Let (E, r) be a complete and separable metric space and /1 a sigma finite measure on (E, B{E)). 
Let F : R d x E — > M. d , be Lipschitz continuous, and L 2 -bounded in the sense that ||-F|| = 
sup;,, H-FXx, -)IIl 2 (^) < 00 ■ Suppose b : M d — > M. d is a bounded Lipschitz function with bound 
||6|| = sup a ,|6(x)| < 00. Denote W n = n~ l l 2 W where W is the space time white noise on the 
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measure space(-E x [0, oo), fj, ® A). Here A denotes the Lebesgue measure on [0, oo). Assume that 
X n satisfies 

X n (t) = x + [ F(X n (s),u)W n (ds xdu)+ [ b(X n (s)) ds. 

JEx[0,t) JO 

Step 1: Example 3.2 shows that {W n }, indexed by H = L 2 (/j,), is a sequence of uniformly exponen- 
tially tight H#-semimartingales. 



Step 2: As discussed in Example 4.4, jn satisfies LDP. For a finite collection h = (hi, ■ ■ ■ , h r 

h/\i,j=v 

by Schilder's theorem when hi are orthogonal, the rate function 

h(y) 



<"m ) j 

(W(hi, •), W(h2, •)?•••) W(h m , •)) is a m-dimensional BM with diffusion matrix t [(hi, /ij)]™ )=1 - Thus 
when hi are orthogonal, the rate function 

1 YaLi Io° \yi(t)\ 2 dt, yi(t) = f* yi(s) ds for some £ I? 



2 

oo otherwise 



In fact if a = {4>i} forms a orthonormal basis, the rate function for jn ^ 2 (W((f>x, •), W(cp2, ")> • • •)} 
is given by 



i a (y) 



\ Ya=\ /o°° 2 dt > = Jo y»( s ) ds for some y* e l2 ( 

oo otherwise 



5"tep 3: To show that {A n } is exponentially tight, observe that by Ito's lemma, 

"t+h j f t + h 

2J t 



rt+h i rt+h 

nX n (t+h) = e nX n (t) + / ne^W^fs) + - / ^e** 8 ' d [X n 
A 2 J 4 



It follows that 



£( e n(x.(H-/0-*»(t))|j?) = l + \J nE(e^ x ^ t+ ^- x ^\\\F(X n (s),-)\\ 2 L2M + b(X n (s))\J?) ds 

] - [ k E (e Xn( - t+s )- Xn ®\T?) ds. 
Jo 



< 1+ n(l|F|| 2 + 



2 

Hence by Gronwall's inequality, 

j5( e n(X»(t+/i)-X„(t))|^ < e n(||F|| 2 + ||6||)h_ 

Similarly, 

E , e -n(X n (t+h)-X n (t)),jrns < gndlFlp + HftlDh^ 

and it follows that 

E r e n\X n {t+h)-X™{t)U-pn-, < 2e n(||F|| 2 + |H|)7i_ 
As before, Theorem 4.1 of Feng and Kurtz [13] implies that {A n } is exponentially tight. 

Step 4'- Let {<pk} be an complete orthonormal system of L 2 (fi). Put y*(t) = X^fc 2/fc(*)<^fe- Theorem 
5.1 implies that { (X n , n~ 1 / 2 W(a, •)} satisfies large deviation principle with the rate function 



(5.7) J a (x,y) 



I a (y), x = x + F(x)-y*, y*eD, 
oo, otherwise. 
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Example 5.6. [Freidlin - Wentzell type LDP II [16]] 

Consider the SDE 

(5.8) X n (t) = x + n" 1/2 I ai{X n (s),u)W(ds x du) + [ b{X n (s)) ds 

J Ex[0,t) JO 

(5.9) + rT l \ o 2 (X n (s),u)^(n ds x du). 

JUx[0,t) 

Here £ is a Poisson random measure on U x [0, oo) with mean measure dv x dt, and is indepen- 
dent of space-time white noise W. Assume that 01,02 : R d X E — > M. d , are Lipschitz continuous, 
||<7i|| = svp x \\<Ti(x, -)IIl 2 (^) < °°i ||°"2|| = su Px ll ^^, < 00 > f° r &( x ) = e x — 1. Also assume 

that b : R rf — > M. d is a bounded Lipschitz function with bound ||6|| = sup x \b(x)\ < 00. 

Step 1: This is same as Step 2 in the previous example. 

Step 2: By Example 4.5, {n^ 1 ^-, n(-)\ satisfies a LDP when the indexing space is taken to be the 
Morse- Transue space M^(v) C L®(v) (see (A.l)) with <fr(x) = e x — 1. For any finite collection 
h = (h\, . . . , h m ) in M*(z/), the associated rate function is given by 



(5.10) I'(<P) 



fo° ^(4>( s )) ds, if 4> is absolutely continuous. 
00, otherwise. 



where A is the Frenchel-Legendre transformation of 

u(x)= [ (e^ x ^-l)u(du), x = (xi,...,x m ), 



Ju 

that is, 

X(y) = sup [x-y- u(x)} . 



Step 3: Put Y n (A,t) = (n~ l W(A, t), n~ l / 2 £(A, nt), take the indexing space M = (L 2 (u), M®(v)) 
with || • ||e = || • H2 + || • ||$- 

Step 4' Since W and ^ n are independent, {Y n } satisfies a LDP with rate function I" = I + 
Moreover {Y n } satisfies the UET condition as evident from Examples 3.2 and 3.3. 

Step 5: Similar to Examples 5.3 and 5.5, Ito's formula and Gronwall's inequality prove that 
E(exp(n\ X n (t + h) — X n (t)\)) = 0(e Cnh ). This verifies the exponential tightness of the solution. As 
before, Theorem 5.2 gives the associated rate function for {X n }. 

Remark 5.7. In the above example, the conditions on 01,02 and b can be relaxed. Suppose that 
{X n } satisfies the exponential compact containment condition. Suppose that the mappings 

F(x, •) e L 2 (fi), x e R d — > b(x) e R d 

are bounded on compacts (in particular continuous). Let T > 0. Fix an a > 0. Since {X n } satisfies 
the exponential compact containment condition find a compact set Kt,o, such that 

(5.11) limsup — P {X n (s) ^ A/r,a, for some s < T} < —a. 

ri 
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Define 

r n = M{t>0:X n (t)^K Tia }. 

Then notice that calculations similar to Step 3 of Example 5.5 would prove exponential tightness 
for {X n (- Ar n )}. Next 

P{w'(X n ,5,T) > e} <P{w'(X n (- Ar n ),5,T) > e,r n > T) + P {X n (s) £ K T , a , for some s < T} 
Since {X n (- A r n )} is exponentially tight, we have 

lim limsup — log P \w'(X n (- A T n ), S, T) > e) = — oo. 

Now using (5.11) and the fact that log(a + b) < log 2 + log a V log b it follows that 

lim lim sup —P \w'(X n , 5, T) > e) < -a. 

Since this is true for all a, we are done. 

Remark 5.8. Example of [13] gives criteria on the coefficients of (5.8) for {X n } to satisfy 
exponential compact containment condition. 

5.2. (L,H)# -semimarting ale. We end the paper by generalizing Theorem 5.2 to (L,H)^- 
semimartingale so that the solution of the corresponding stochastic differential equation is infinite- 
dimensional. 

Theorem 5.9. Let M be a separable Banach space and {(<f>k,Pk)} a, pseudo-basis o/H satisfy- 
ing (ii) of Theorem A. 13. Let {Y n } be a sequence of uniformly exponentially tight {J 7 ™} -adapted, 
(L, H)# -semimartingales, {X n } a sequence of cadlag, adapted h-valued processes and {U n } a se- 
quence of adapted "L-valued cadlag processes. Suppose {{U n ,Y n } satisfies large deviation principle 
with the rate function family •)}• Assume that F, F n : L — > M are measurable functions such 

that 

• for all x whenever x n — > x, F n (x n ) — > F(x). 
Suppose that X n satisfies 

X n (t) = U n (t) + F n (X n _)-Y n (t). 

For y G -Dr°° [0, oo), define y* by (4-20). Suppose that for every (u,y) € -DlxM°° [0, oo) for which 
Ia(u,y) < oo, the solution to 

x = u + F(x) ■ y* 

is unique. Assume further that {(U n , X n , Y n )} is exponentially tight. Then the sequence {(U n , X n ,Y n (ct. 
satisfies a LDP in -DlxLxR 00 [0, oo) with the rate function given by 



I a (u,y), x = u + F(x)-y*, y* G V. 
oo, otherwise. 



(5.12) J a (u,x,y) -- 

The proof follows almost the exact same route as that of Theorem 5.1 
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APPENDIX 
A.l. A generalized contraction principle. 

Theorem A.l. Let (E,r) and (E',r') be two complete, separable metric spaces. Let {X n } be a 
sequence of random vectors taking values in E. Suppose that {X n } satisfies a large deviation principle 
with the good rate function I . Assume that f,f n :E^E' are measurable functions satisfying: 

• for all x £ E with L(x) < oo, x n — > x implies that f n (x n ) — > f( x )- 

Then {f n (X n )} satisfies a large deviation principle with the rate function given by 

I'(y)=mf{L(x): f(x) = y}. 

See Theorem 2.4 [17]. 

A. 2. Orlicz spaces. The standard reference for this section is Rao and Ren [29] . Some results 
presented here are taken from Terrence Tao's lecture notes on Harmonic Analysis [33]. 
Let U be a complete and separable metric space, and IA a cr-algebra on U. Observe that for the 
space L P (U, (i), 1 < p < oo, 

||/|| p <liff / \f\*d»<l. 
Ju 

The motivation for introducing Orlicz spaces is to find more general function <1> : R + — > M satisfying 
certain conditions, such that the above kind of statement is true, that is we want to find a norm 
|$ such that 



$ < 1 iff / 0(|/|) d/i<l. 
Ju 



Definition A. 2. Let $ : K + — > M + be an even, increasing and convex function with $(0) = 
and lim^-j.oo &(x) = oo. Such a & is called a Young's function. 
Define the norm \\ ■ ||$ by 



= inf|A>0: J H\f\/A) dji < lj . 



|| • 11$ is called the Orlicz norm, and the corresponding space 

L^{U,fi) = {/ : ||/||<t> < oo} 

is called the Orlicz space. 

Lemma A. 3. Orlicz spaces are Banach spaces. 

The following are a few examples of Orlicz spaces. 

• L p (U,n) forms an Orlicz space for 1 < p < oo, with <l>(x) = \x\ p . 

• The spaces L^(U,/j) with = e x — 1, or = xlog(x + 2). 



Observe that 



L®(U,[i) = j/ : J <&(af) dfi < oo, for some a > oj . 
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Let 



The space M (U,li) was introduced by Morse and Transue (1950), and is sometimes refered to as 
Morse- Transue space [29]. 

Lemma A. 4. Let <3? be a continuous Young's function. Then M®(U, Li) is a closed linear subspace 



In general, not many Orlicz spaces other than L p -spaces will be separable. However, for M , we 
have the following theorem (Page 87, [29]): 

Lemma A. 5. Let (U,U) be a complete measure space, and <3? a continuous Young's function 
with $>(x) = iff x = 0. Then the space M®(U,li) is separable. 

A. 3. Basis theory. The material presented here is taken from [21, 31, 32]. 

Definition A. 6. A sequence {x^} in a Banach space B is a basis for B if for each x € B, 
there exist unique scalars Pk(x), such that 



Remark A. 7. Every Banach space with a basis is separable. 
Remark A. 8. It is easy to see that the p n are linear functionals. 

Definition A. 9. A basis {x^} is called a Schauder basis if the unique p^ are bounded linear 
functionals, that is if Pk € AT* for every n. 

Theorem A. 10. Every basis {xt} of X is a Schauder basis, that is, the pk are bounded linear 
functionals. 

Example A.ll. Every separable Orlicz space (hence LP space) has a Schauder basis. Every 
separable Hilbert space has a Schauder basis given by its complete orthonormal system. 

The notion of a basis of a Banach space is generalized to that of pseudo-basis defined below. 

Definition A. 12. A sequence {xk} in a Banach space B with xj. ^ for k = 1,2,... is a 
pseudo-basis if for every x S B, there exists a sequence of scalars {pk} such that 



(A.l) 




ofL*(U,n). 




(A.2) 




A' 



Theorem A. 13. [32] Let B be a separable Banach space. 
(i) Then B has a pseudo-basis. 
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(ii) Every sequence {xj~} with Xk ^ 0, k = 1, . . . , which is dense in {x G B : [|cc|| < 1} is a pseudo- 
basis of B. For every such sequence {x^}, there exists a subset C of I 1 with the following 
property: for every x G B there exists a unique sequence of scalars {pk(x)} such that (A. 2) 
is satisfied and the mapping 

x ->■ {Pk{x)} 

is a homeomorphism of E onto C 

Remark A. 14. In partcular, the above theorem implies that for each k, the mapping x — > Pk(x) 
is continuous. If {x^ is a basis, then the pk are also linear, hence p^ G B*, k = 1, 2, 

Notation: For convenience, we denote a basis or a pseudo-basis of B by {(xk,Pk)}- 



A. 4. A compactness lemma. 

Lemma A. 15. Let B be a separable Banach space with pseudo-basis {(xf~,Pk)} satisfying ((H)) 
of Theorem A. 13. Define a sequence of continuous functions {S n } by 

n 

Sn(x) = y^ j Pk(x)x n . 
k=l 

Then S n —> I uniformly on compacts, that is, for every compact set C C B 

sup H/S'fifx) — x\\ — > 0. 

x&C 

Proof. Let C C B be compact. Let T denote the mapping 

x€B^ {Pk(x)} G C. 

Note that by Theorem A. 13, T(C) C C is also compact. Fix an e > 0. Define the open sets O n C C 
by 



(A.3) O r , 



{c k } G l 1 :^2\cj\ <e \ . 



j=n 



Notice that the O n are increasing and T(C) C L) n O n . Since T(C) is compact, there exists an 
N > 0, such that T(C) C ^f =1 Oj = O n . It follows using ((ii)) of Theorem A.13 that if n > N, 
then || ^(x) — x\\ < e, for all x £ C. □ 

A. 5. Integration with respect to vector-valued functions. Suppose X is a Banach space, 
and x G Dx[0,oo). Suppose y* G Dx*[0,oo) is of hnite variation in the sense that T t (y*) < oo, for 
all t > 0, where the total variation Tf(y*) is defined as 

r t (y*) = su P X;i|y*(<i)-y*(ti-i)llx. J 

cr 

I 

a = \t{\ i varying over all partitions of [0,t). 
Define the integral x ■ y* by 

(A.4) x-y*(t)= lim V^^)^*^) - y*(U)) x , x *, 

(j — ^ — ' 

|| ct" || denoting the mesh of the partition a = {ti} i . Here (h, h*)x,x* = h*(h) for h G X, h* G X*. 



A. GANGULY/LARGE DEVIATION PRINCIPLE IN INFINITE-DIMENSIONAL STOCHASTIC ANALYSIS46 



Lemma A. 16. The limit in (A. 4) exists. 
PROOF. For a = {U}^ denote 

i 

And notice that for a finer partition 5, 

- x 5 ) • y*| < f \\x°{s) - x 5 (s)\\ x dT s (y*) < sup \\x°(s) - x & \s)\\ x T t (y*). 

JO 8<t 

It follows that {x u ■ y*(t)} is a Cauchy sequence and we are done. □ 

More generally, we can allow the integrands to take values in some operator space, so that the 
integral is infinite-dimensional. Let Y be a Banach space, and suppose that x G ^l(x*,Y)[0, oo). 
Define the integral x ■ y* by 

(A.5) x-y*(t)= lim V x(U) o (y*(t i+1 ) - y*(U)), 

er H-0 

I 

|| ex || denoting the mesh of the partition a = {U}^ Here for S G L(X*, Y) and x £X* , S o x = S(x). 
The proof of the existence of the limit is same as that of Lemma A. 16. Notice that x ■ y* takes 
values in Y. We end by noting that the above integrals are just special (deterministic) cases of 
integrals with respect to (L, H)*-semimartingales. 

Acknowledgement: I would like to thank my advisor Prof. Tom Kurtz for his numerous advice 
and comments throughout the preparation of the paper. 
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